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ABSTRACT

This thesis is a theoretical investigation of a frequently encountered econometric issue: the
problem of autocorrelation. Under a two-way random effect context, we introduce serial

correlation in the time-varying disturbances, leading to a double correlation framework.

We analyze two major situations related to the structure of the error terms. The first one
considers that the time-varying disturbances follow the same correlation pattern, with the same
parameters. They are allowed to exhibit series such as the autoregressive of order 1 (hereafter
AR(1)) or the moving-average of order 1 (hereafter MA(1)) processes. We also examined the case
of unknown correlation. A detailed generalized least squares (hereafter GLS) procedure is
deduced from the spectral decomposition of the variance-covariance matrix of the composite error
term. A Feasible Generalized Least Squares (hereafter FGLS) approach is derived whatever the

correlation status may be.

The second error structure assumes that the time-varying disturbances can follow different
correlation patterns. A general case of unknown serial correlation is considered, as well as the
autoregressive and moving-average processes of order 1 models. We show that the variance-
covariance matrix of the overall error term can always be written in a precise form, independently
from the type of serial correlation. Once again, we deduce a GLS estimator from the inverse of
this moment matrix. Underlying estimators are shown out and their asymptotic properties are
studied. We find that the GLS estimator is asymptotically equivalent to a “within” estimator called

the covariance estimator. Finally, a FGLS version is proposed.
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RESUME

Cette these est une étude théorique sur [’autocorrélation, une préoccupation frequemment
rencontrée en économétrie. Dans un modeéle a deux effets a erreurs composées, nous introduisons
une corrélation sérielle dans les termes d’erreurs temporels, sous la forme d’une autocorrélation
double.

Deux cas de figure sont analysés, selon la structure des termes d’erreurs. Dans le premier
cas, nous supposons que les perturbations temporelles suivent un processus unique, avec donc les
mémes parametres, notamment un processus autorégressif d’ordre 1 (AR(1)) ou moyenne mobile
d’ordre 1 (MA(1)). Nous avons aussi examiné la situation ou [’autocorrélation est de type
inconnu. Une procédure par les moindres carrés généralisés (MCG) est deduite de la
décomposition spectrale de la matrice de variance-covariance du terme d’erreur composite. Une

version estimable est finalement proposée, quelle que soit la nature de [’autocorrélation.

Le deuxieme cas de figure suppose que les perturbations temporelles suivent des processus
différents. Ici également, un modele général avec une autocorrélation de type inconnu a été
considéré, en plus des processus AR(1) et MA(1). Nous montrons que la matrice des variances-
Covariances du terme d’erreur composite peut toujours s’écrire sous une forme précise,
indépendamment de la nature de [’autocorrélation. De [’inversion de cette matrice nous déduisons
un estimateur MCG, qui se présente par ailleurs comme une combinaison d’autres estimateurs
MCG. Leurs propriétés asymptotiques sont étudiées et révélent une équivalence, dans les
échantillons de grande taille, entre notre estimateur MCG et un estimateur de type “intra” appelé

[’estimateur de covariance. Finalement, une version estimable est proposée.
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INTRODUCTION

The increasing availability of panel data has popularized the use of this particularly
appealing type of datasets. This tendency is confirmed by recent papers dealing with a wide range
of research questions. For instance, Bawn and Rosenbluth (2006) analyze the consequences of the
number of parties in a government in 17 European countries over two decades, while Hecock
(2006) examines the determinants of primary education spending with a panel of 29 states over 5
years. Likewise, Lee (2005), through a panel data approach, shows that a strong interaction
between democracy and public sector size explains within-country income inequality. More
challenging is the paper by Enders, Sachsida and Sandler (2006) who assess the impact of terrorism
on the level of US foreign direct investments by the means of panel data models. Kelleher and
Yackee (2006) and Stasavage (2005) in political science, South, Crowder and Chavez (2005) in
demography, and less recently N’Gbo (1994) in agricultural economics, all these papers call for

panel data frameworks.

As a definition, the term “panel data” refers to the pooling of observations on a cross-
section of units (Baltagi, 2005), which are generally households, countries or firms. By surveying
a number of individuals and following them over time, panel data yield a larger number of

observations than one-dimensional datasets such as pure time series or pure cross-sections.

This feature is particularly helpful to developing countries which often lack reliable data.
Especially, Sub-Saharan African countries, with financial shortages, often suffer from the
unavailability of relevant and high-quality datasets in conducting their economic policies
(Hoeffler, 2002). For those countries, panel data appear as a solution to various research and
policy problems because of the greater amount of information they provide, say N-times or T-times
more observations, if N and T denote the individual and time dimensions respectively. This
tendency (the increasing use of panel data) still holds when dealing with integrated regions such
as economic unions and monetary zones. Rather than collecting time-series on countries one by

one, panel data offer the tools to study the economic questions across the countries over time

PhD Dissertation, University of Cocody, by BROU Bosson Jean Marcelin. Page 1



A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL WITH DOUBLE AUTOCORRELATION

through the same dataset. This has definitely prompted the popularity of the panel data in applied

research, all over the word.

Furthermore, the worldwide use of panel data is also motivated by the fact that they provide
such a rich environment for the development of estimation techniques and theoretical results. In
fact, researchers have been able to use time-series and cross-sectional data to examine issues that
could not be studied in either cross-sectional or time-series settings alone (Greene, 2008).
Klevmarken (1989), Hsiao (2003) and Baltagi (2005) have listed several benefits from using panel
data. One can control for individual heterogeneity by the means of time-specific or unit-specific
parameters or disturbances or through some time-invariant and individual-invariant variables.
Panel data give more informative data, more variability, less collinearity among the variables,
more degrees of freedom and more efficiency. In studying the dynamics of adjustment within
some cross-sectional units, panel data perform better than one-dimensional datasets. In addition,
panel data models allow us to construct and test more complicated behavioral models and to
identify and measure effects that are simply not detectable in pure cross-section or pure time-series
data.

This popularity of the cross-section time series datasets keeps up-to-date the need for a
precise knowledge of the appropriate econometric methods and techniques. In this thesis, we are
interested in theoretical issues related to panel data approaches, especially to the error component

models.

Following Balestra and Nerlove (1966), most of panel data studies model the disturbances
of the regression equation using a random error component specification. Households’ panels as
well as macro panels with large number of units are often considered well suited to these models.
The need for accounting for both individual and time-specific effects from a random errors
perspective leads Wallace and Hussain (1969), Nerlove (1971), Amemiya (1971) and more
recently Baltagi, Bresson and Pirotte (2005) among others, to the two-way error component model,

i.e. models where the individual specificity 4 and the time effect 4, are taken as error terms, along
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with a more general disturbance V;; that vary with both individuals and time. The term “two-way”

refers to the individual and time effects that are included while expressions like “error component”
or “random effects” both describe the fact that these effects are considered as disturbances, rather
than parameters. Some authors label this specification as the three error components model (see
Magnus (1988) for example) stressing the presence of three error terms leading to an overall or

composite disturbance U;; .

The classical error component model which has been extensively studied in the panel data
literature assumes that the individual-specific effect is spherical, especially independently and
identically normal® (hereafter 1IN). This assumption also states the absence of spatial correlation
unlike some recent studies allowing for cross-sectional dependency (see Hadri (2000) and Hadri
and Larsson (2005) for instance). The error terms are all pairwise independent with zero as the
mean. Moreover, this specification assumes that the correlation in the remainder disturbance is

not spread among individuals, at any time period.

Another important feature that actually characterizes the classical two-way error
component model is the fact that it denies the potential serial correlation in the time-varying
disturbances, that is in the remainder error term (which varies with both dimensions) and in the
time-specific effect. This absence of autocorrelation means that only correlation over time is due
to the presence of the same individual across the panel. It is known as the equicorrelation error

component model (Cameron and Trivedi, 2005). However, assuming equicorrelation results in the

! Normality is not actually compulsory. A simple assumption of independently and identically distributed (hereafter 11D) errors is
sufficient. Nonetheless, we have kept the normality hypothesis because of convergence purposes regarding the initial values in

modeling the autocorrelation patterns.
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same correlation coefficient for any two values U, and U of the overall disturbance, no matter

how far t is from s, and, more restrictively, is strictly positive (see Baltagi, 2005).

Unfortunately most of economic relationships cannot accommodate with such a limiting
assumption. In the case of behavioral functions like investment or consumption, an unobserved
shock this period can affect the consumer or investor decisions for at least the next few periods

(see Baltagi, 2005). The time-varying disturbances (4, and v, ) may contain their own correlation

patterns, spreading shocks in the overall regression equation. As a result, the equicorrelation

assumption is no longer justified.

However, serial correlation is not allowed for in the classical error component model,
notably in the two-way version. Ignoring serial correlation when it is present results in consistent
but inefficient estimates of the regression coefficients and biased standard errors (see Baltagi, 2005
and 2006). According to Cameron and Trivedi (2005), panel data models have errors that are
usually autocorrelated over time for a given individual. As a consequence, they find that the
correlation error leads to large bias in standard errors for pooled ordinary least squares (hereafter,
OLYS) if one does not account for the autocorrelation, and to relatively small efficiency gains as
the lengths of the panel is increased.

From an empirical viewpoint, the issue of serial correlation is well known and several tests
such as the Durbin-Watson one have fallen under the basic tasks performed in regression analysis.
Autocorrelation in applied panel data is intuitively justified because of the time dimension. In her
study on the significance of the African dummy variable through a Solow-type growth equation,
Hoeffler (2002) considered a one-way error component model with a test of absence of serial
correlation in the residuals. She ended up with the conclusion that the African dummy variable is
not significant, and argued that earlier contradictory findings were based on misleading and
careless econometric methods. Another illustrative example is provided by Cameron and Trivedi
(2005) on the responsiveness of labor supply to wages, a very important question in labor
economics. With data on 532 males on the 10 years from 1979 to 1988 from Ziliak (1997), they
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showed how important correcting for serial correlation is. They considered different panel data
estimators, especially some panel-robust ones (first-differences, random effects GLS and random
effects Maximum Likelihood (hereafter ML) estimators) and proved that the robust estimates
performed better than the usual ones, since they controlled for heteroskedasticity and serial
correlation. They even stated that correction for heteroskedasticity is usually much less important
than the correction for panel correlation (see, Cameron and Trivedi, 2005, p. 712). Knowing that
panel data intervene in a wide range of research areas one can definitely establish the necessity of

overcoming the issue of autocorrelation in panel data when it occurs.

In their desire to account for autocorrelation when dealing with panel data, Kiefer (1980)
and Bharghava et al (1982) considered the one-way fixed effects model with AR(1) remainder
disturbances, while Schmidt (1983) extended the fixed effects model to cover cases with an
arbitrary covariance matrix. The random effect version has also been examined. Lillard and Willis
(1978) and Lillard and Weiss (1979) generalized the error component model to allow for an AR(1)
process on the remainder disturbances of a one-way error component model. An extension to the

MA(q) case was proposed by Baltagi and Li (1994) and a treatment of the remainder error term

V. following an autoregressive moving average ARMA(p,q) process was analyzed by MaCurdy

(1982) and Galbraith and Zinde-Walsh (1995). Further studies including individual as well as time
specificities are also available. In fact, the two-way error component model with serially correlated
error terms has been considered by Revankar (1979) and Karlsson and Skoglund (2004). However,

in their models, only 4, was assumed to be serially correlated, following an AR(1) process in the

former and an ARMA(p,q) series in the later. Magnus and Woodland (1988) generalized the
Revankar (1979) model to a multivariate error components model with serially correlated errors

and derived the corresponding ML estimator.

The new strand in investigation on the serial correlation issue in panel data is mainly
directed towards non-stationary panels. This was the subject of papers by Baltagi and Kramer
(1997) and Kao and Emerson (2002a, 2002b) which all include a time trend as a regressor. More

recently, Baltagi, Kao and Liu (2007) examined the one-way error component model in which a
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regressor and the remainder disturbance are both serially correlated with the possibility to be

nonstationary.

Acknowledging the need for those developments in the econometric literature, we however
argue that some issues on serial correlation, especially in a two way error components framework,
have to be tackled under some merely classical assumptions such as the absence of spatial
correlation, the presence of nonstochastic regressors, stationarity of the errors, etc. One of these
unsolved questions is the treatment of a double autocorrelation in three error components model

where no more complication is added.

With panels autocorrelation can arise from two sources: (i) the autocorrelation function for
the remainder error term V., and (ii) the autocorrelation function for the time-specific error term

A, . We have labeled this situation as double autocorrelation. The idea of introducing a correlation
in the composite terms (4, +Vv; ) has firstly been considered by Nerlove (1970). However, he
thereafter assumed A, null and his suggestion actually referred to V;; only. These two forms of
autocorrelation can be combined to describe several cases of autocorrelation (on A, but not on V;

; oron VY and not on A, for instance). This study focuses on the double autocorrelation case,

which looks more complex than the single autocorrelation one.

The interest of a double autocorrelation in economics is straightforward. Many studies

calling for panel data intend to assess individual as well as time heterogeneity, leading to a two

way random effect model. The presence of the two error terms 4, and v, may hide a serial

correlation. This type of autocorrelation is yet insufficiently analyzed by the econometric
literature. Assuming a single correlation framework when a double one is required will yield an
erroneous variance-covariance matrix, and therefore misleading t-statistics, inefficient estimates
of the regression coefficients, biased standard errors etc. Finding a solution to such a correlation
issue is a challenge that will increase the precision of estimations in panel data, for the benefit of

researchers.
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In this dissertation we generalize Baltagi and Li (1992a) treatment of the one-way random
effect model in the presence of serial autocorrelation, and the single autocorrelation two-way
approach of Revankar (1979). The particularity of this study consists in the structure of the panel
data model, especially the two-way approach that we have retained, which itself requires GLS or
ML rather than OLS estimation procedure. We share these authors’ interest in a GLS estimator.
It reasonably appears to us as the “natural” one rather than a ML estimator (or any other estimate)
since autocorrelation creates a distortion in the variance-covariance matrix of the disturbances
which are no longer spherical. A thorough study of the structure of this matrix of moments should
yield a precise correction procedure that will remove the distortion created and bring us back to
spherical disturbances. If achieved, then the GLS estimators derived would be Best Linear
Unbiased Estimates (hereafter BLUE). Their consistency and efficiency would also be established
(see Greene, 2008).

The choice of our modeling approach is justified by some empirical as well as theoretical
considerations. Panel data are widely used in empirical research because of their time and cross-
sectional dimensions. The unobserved individual effects captured by the panel models are
assumed either correlated to the explanatory variables (leading to the fixed effects approach) or
uncorrelated with the regressors (it is the random effect hypothesis). In the former, the differences
between units are modeled as parametric shifts of the regression function, and such a model is
designed for the cross-sectional units of the sample only, not for additional ones outside this
sample. Keeping in mind that a sample is drawn from a population which actually may contain
other units exhibiting the same characteristics as those present in that sample, the model should be
considered constant over the subset of the population with the characteristics of interest. The
individual specificities should then be modeled as randomly distributed across cross-sectional
units, if we assume that they are randomly drawn from a large population. This is a reasonable
assumption when dealing with households panels for instance. The current availability of large
panel datasets leads us to build a framework allowing for large number of cross-section units and
considerable time dimension, which is theoretically not well suited to the fixed effects approach.

Moreover, the payoff of this form of modeling is that it greatly reduces the number of parameters

PhD Dissertation, University of Cocody, by BROU Bosson Jean Marcelin. Page 7



A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL WITH DOUBLE AUTOCORRELATION

to be estimated?. The two-way specification directly follows from the need to account for the
individual and time dimensions in a more theoretically involved analysis of the autocorrelation

issue.

The objective of the thesis is therefore to propose a theoretical as well as feasible GLS
procedure which permits the estimation of a two-way random effects model in presence of

autocorrelation. More specifically, we intend to

Q) present a theoretical GLS treatment of the autocorrelation in a two-way error
components model when the time-varying disturbances follow identical correlation
processes;

(i) present a theoretical GLS treatment of the autocorrelation in a two-way error
components model when the time-varying disturbances exhibit different correlation
processes (real double autocorrelation case), with a special interest in the
asymptotic properties of the estimators obtained;

(iii)  propose a workable alternative under a general correlation pattern;

(iv)  examine the applicability of the feasible version by assessing the case of AR(1) and

MA(1) autocorrelations.

To achieve these goals, we allow both A and Vv, to be serially correlated, but

independently. They are assumed to either follow identical distributions (we talk about identical
time structure) or exhibit different time processes in a double autocorrelation model. The
investigation is conducted through two separate parts. Each part firstly considers two specific
processes, say AR(1) and MA(1), then tackles a more general case in which the correlation pattern

2 The cost of the random effects approach is the possibility of inconsistent estimates, should the assumption turn out to be
inappropriate. (See Greene, 2008). In an empirical study, the researcher may perform the well-known Hausmann specification test

to discriminate between the random and fixed effects models.
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is undefined, and lastly suggests some estimators of the involved parameters in a FGLS
perspective. Moreover, part 2 demonstrates the asymptotic properties of the GLS estimators

obtained earlier.

More precisely, the remainder of the study is organized as follows: part 1 examines the

case of the identical time structure shared by both 4, and V; through four sections dealing

consecutively with the AR(1) specification, the MA(1) process, the general approach with
unspecified correlation pattern, and lastly a feasible version of each of the above models. The
double autocorrelation structure is tackled by part 2 by the means of three sections. The first one
is devoted to the derivation of a general variance-covariance matrix formula while the second
section derived the subsequent GLS estimation procedure and the properties of the estimators
obtained. The last section is interested in finding a FGLS procedure for the double autocorrelation

situation. Some concluding remarks are then presented.
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Part 1: A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL
WITH IDENTICAL TIME STRUCTURES

Any study aimed at modeling and then assessing autocorrelation is strongly affected by the
pattern of that correlation. This modeling issue remains of the greatest relevance when dealing

with a two-way random effect model.

Following Amemiya (1971) we consider the two-way error component model with the

following disturbances:

U, =g +A4+v,,1=1...,N and t=1...,T, (1.2)

where u, denotes the individual specificities and A, the time-specific effects whereas V;

represents the remaining errors, i the individuals and t the time periods. The assumptions related

to the errors can be summarized as follows:

E(v,)=E(x)=E(4)=0 AR (1.2a)
E(Viu;)=E (V4 )=E(1;4)=0 Vi jtands, (1.2b)
Var(u)=0.  Vi=1..,N, (1.2¢c)
Cov(p4 p;)=0 Vi=j, (1.2d)
Var(v,)=0; Vi=1..,N and Vt=1..T, (1.2¢)
Cov(vy,V,)=0 Vi=j and Vt,s, (1.2f)
Var(4)=0; Vt=1...T, (1.29)
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Cov(4,4)=0 Vt=s, (1.2h)

Cov(Vy,Vi)=0 Vt=s, (1.2i)
In this study, the two-way error component model considered is the following one:

Yo =5+ % S+U,, i=1..,N and t=1...,T (1.3)

where g, is the intercept and g is a kx1 vector® of slope coefficients, X; is a 1xk row vector

of explanatory variables which are uncorrelated with the disturbances U;; given by equation (1.1).

The general framework we have adopted is the following one. Let F, (h)=r,(h) and r, (h)

be the autocorrelation functions for the disturbances Vi, and 4 respectively. We then have,

[, (h) _ COV(Vit’ZVi,t—h) Vi Eh) V., (h)

o, _7/i

(0) 7,(0) (14)
r (h):COV(&,ﬂ.[_h):}/l(h)
’ o 7,(0)

where h=1,...,t-Lt=1...T;i=1...,N, 7, (h) and 7, (h) being the autocovariance functions

of V, and 4, respectively. Obviously, assumptions (1.2h) and (1.2i) no longer hold.

3 Henceforth, we shall denote a matrix by a boldface capital letter as Zx in (1.5a), while vectors and scalars are simply written

with lowercase letters as f in (1.3) and 4 in (1.1).
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In vector form, we have

1 1) - r(T-1)
1 1 :
L, = E(A’I’):GE 1( ) [ (1) :Ofrx (1.5a)
A
r,(T-1) r, (1) 1
and
(v, 1 [E(v) E(wvs) - E(mw)]
E ') E ; E "
X, =E(w')=E " (vi v, vi)|= (V.Zvl) (v27z) (i)
L | _E(VNvl’) E(VNVQ) E(VNV,,\‘)_
The elements of matrix %, are such that
V., I E (Vizl) E (Vi1Vi2 ) - E (VilViT )_
2
E(vy)=E ng Ve Vi - V)= E(Vizvu) E(T/iz) ) - (Vi,ZViT )
Vir _E(ViTVil) E(ViTViz) E(ViZT) i
that is,
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1y r,(T-1)
E(vv{)=o0, " (1) . | ‘ (1) =o',  Vi=1...,N
U

and E(vv})=0 Vi=jsince E(v,v)=0 for i=j, Vs

Consequently,

r, o 0
o r, - 0

X =0 . . . . |=0/(I4®T,). (1.5b)
0 0 r

In this part, we assume that both A and v, follow the same process, with the same

parameters. In other words, I', =T', =T,

This somewhat strong assumption is however very informative in the sense that it shows

out all the implications of a serial correlation in a two-way error component model. Furthermore,

since 4, and V;, behave identically, only one autocorrelation matrix needs to be inverted. This

allows us to come out with the exact expression of the transformed data as a function of the original
data.

Part 1 is organized as follows: section 1.1 presents the model in which both A and v,

come from the same AR(1) process, while section 1.2 deals with a model of MA(1) time errors.
Next, section 1.3 generalizes this approach. Finally, section 1.4 presents a way of estimating the

parameters in a FGLS framework.
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1.1. Identical AR(1) Error Structure

In this section, the error terms are assumed to follow the same AR(1) process. We consider
simple structures of the disturbances following an AR(1) process. Then, we explain the structure
of the variance-covariance matrix of the transformed error terms and its spectral decomposition.
Next, we present the GLS transformations of the original data aimed at correcting for the serial
correlation in the particular context of the two-way structure. Lastly, the Best Quadratic Unbiased

(hereafter, BQU) estimators are given.
1.1.1. Specification of the Model
We reconsider model (1.3), y, =4, + %, 8+U, i=1...,N and t=1,...,T whereidenotes
individuals and t time periods. The overall error term is displayed according to equation (1.1), i.e.
U,=u+A+v,, i=1...,N and t=1...,T. The underlying disturbances V; and 4, are
assumed to follow the same AR(1) process. On the one hand, v, = pv,,_, +€,, with |p| <1, and
&, ~ IIN(0,07) while on the other hand 7, = p , +&, with & ~ IIN (0,07 ). For convergence

purpose and under stationarity assumption, the initial values are defined as

This is a two-way error component model with classical individual effect, but serially correlated

temporal error terms. In vector form,

U=(1,®g)u+(y, ®11)A+v (1.6)

where i and ¢y are vectors of one of dimension T and N respectively, |N and | are identity

matrices of dimension N and T respectively. Thus, U has mean zero and variance-covariance matrix
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Z=E(u)=X,+0.[ Iy ®(ng ) |+ (0 )®F, 1.7

where X, and X, are the variance-covariance matrices of the error terms vectors A and V

respectively:
X, =E(M)=0T and £, =07 (1,®T).

In this subsection, we assume an autoregressive process of order one, leading to

1 p prl
1 :
r=| * . . (1.8)
: P
pT—l p 1

The correlation coefficient is here:

(P02 +0)+0l | (ot +ol+o?) fori=jtes

Correl(ult,u ) O-/l/( /21+O'A+O') forizjt=s (1.9)
1 fori=jt=s
0 fori= j,t=s.

Note that the correlation coefficient actually depends on the time length |t - S| , Which is the aim

of our specification of the serial correlation structure.

Finally, the variance-covariance matrix of U is
Z=E(uw)=c’(Iy®T)+c’(Iy® (x4 ))+0; (1 ®T). (1.10)

1.1.2. Variance-Covariance of the Transformed Errors and Its Spectral
Decomposition

The familiar Prais-Winsten (1954) transformation matrix of an AR(1) process is
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1-p> 0 0 0 O
-p 1 0 :
0 -p 1 0
C= 0 0 (1.11)
: 0 .l
: : -p 1 0
0 O 0 - 0 —p 1
The variance-covariance matrix of the transformed errors is,
X =(I,®C)Z(I, ®C)
' = (I, ®C)(I, ® (07 ) V®C)+0? (I, ®C) (1, ®44 ) (1, ®C)+
(1 ®C) (1t ®(0?)T)(1, ®C)
= (IN ®C(G§F)C’)+O‘fl [IN ®(Cx )(Cr )'}+(1Nz,§ ®C(G§F)C'). (1.12)

Following Baltagi and Li (1991), we set 4 =(a,4,) where a=./(L+p)/(1-p). and

N :(zﬁ)(zg)', Jy =1yty. Moreover, we have

C (GVZF) C' =
C(oir)C' = (1.13)
=(1-p)y".
Therefore,
X =0l (Iy®L;)+0 (1-p) (I, ® 35 )+ 02 (I ®Ly). (1.14)
In order to get idempotent matrices we make the following transformations:
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!

Jr=hn :iJ“T, In ZZNI\ZIN :%JN where d2 =41 =a® +T -1.

We then use Wansbeek and Kapteyn (1982, 1983) approach. In the expression of X",

|, is replaced by E, +Jn whereE, =1 -JIn;

Jy is replaced by NJy;

J% is replaced by d2J7;

|1 is replaced by E* +JT where E% =1 -J7.

We then obtain,

T o [(EN +3N)®(E“T +j?r):|+d02[(]_—p)20'fl [(EN +3N)®35‘r]+ No? [EN ®(E“T +3‘1‘—)]

X =0l (E, ®E;)+(o? +d§(1—p)za;)(EN ®31‘r)+(a§ +No?)(Iv ®E; )+

. (1.15)
+(Ue2 +da2(1_p)20_§ + NGEZ)(JN ®JT).
The spectral decomposition of X" is,
. 4
=20 (1.16)
i=1

with,

l//lzaez, ‘//2:‘7e2+d§(1_p)20'5, l//3:O-e2‘|'N(752, ‘//4:O'e2+d§(1_p)2(7;2,+N0'§’

Q,=E\®E}, Q,=E, ®J7, Q, =JIn®E% and Q, =Jn ®J7.
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1.1.3. GLS Transformation

However, at this step, the transformed composite disturbance u™ is still not spherical. This

issue can be overcome by an additional GLS transformation. Following Fuller and Battese (1974),

the new transformation matrix could be 082*_]/2 A

From the spectral decomposition of X", it follows that:
(Tez Tt = Z—‘l/jl(;z !i = Ql + Z—(l/lliz !i . (117)
i=1 i i=2 i

By premultiplying the Prais-Winsten transformed observations Yy~ =(|N ®C)y by UQZ*'l/ ?, one

5

*

gets Y =0,L 7y

The goal of this subsection is to derive the typical elements of y** in terms of y*, .e. y:

as a function of y; .

From the spectral decomposition in equation (1.16), it follows

4 As in any GLS approach, the same transformation is applied to each column vector of the matrix X. Therefore any result obtained

with vector y is totally and identically relevant for the columns of X. This will remain true all along the thesis.

ok ok * ok ok * - 2 - haid
5 We then have E(u u ') = ggz qu(u u ')z Y2 = 621y - Any constant could be used instead of O, , making u

2 o
immediately spherical. We have retained O, so that TZQi collapses into Q, .
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1 o O, . - o O, .
o X 2y :Z J/zQiy =Qy +Z 1/2Qiy' (1.18)
i1 Vi i=2 Vi
Firstly, we deal with the product Qly*. We can write,

Qly* :(EN ®EuT)y* :[(IN _jN)®(IT_j‘T')]y*
=(,®1;)y -(1,®34 )y - (I ®1; )y +(3,®J3)y’
(A) (8) ©)

where (A), (B) and (C) have to be determined explicitly. We have

Vi | |y
(A)=(1,®J%)y" =diag[ 3% | yf = JT:yZ where
Yol LIT
_ RN
_ _ o a(ayil-'_zyitj
a a’ a - oally, thz ab,
. 1 1 . 1| o 1 -+ 1 yl* 1 ay* + Y.* bi
JTyi :d—2 E (a 1 cee 1) yi :d_2 : : . : :2 :d_z i1 ; t — .
1 | RN )
ay +>
i =
1 N
Withb,zd—z(ayil+zyitj Vi=1...N.
o t=2
Hence, (A)=(ab, --- b i -~ i ab, - by).

Likewise, one has
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|
(8)=(3,®1)y =+ :
IT

* *

Hence,(B)=(7.1 Y

The last term (C) of Qly* can also be expanded as,

Y1
Y,

M= 2D

1]
4N

where

where
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N
a) b
ab\ (ab, ab, Ni:l ab .
1d -, . 1| b b, by 1| Db b : 1
il W RV | &2 h b=—>b.
N ,=1JTy' NI T T N| : wit N Zl: !
by b, by . b
b
i=1
(C)=(ab b ab b)
From (A), (B), and (C), one gets
(¥i—Va)—a (b —b)
Vi ab, Vor ab (ylz - 72) (bl _b)
yIT b, V*T b (yl*T_yT)_(bl_b)
QY = |- P |- P |+ o= : (1.19)

(y:lT _V:Tj_(bN _b)

The second product of interest is sz*. Its expression at the observation level can also be

determined through a similar procedure. We have,

sz* :(EN ®j§‘_)y* :I:(IN —jN)®j$_}y* :(IN ®j":')y*_(jN ®jﬁ‘;)y*
(A) <)
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Qy =| ¢ |- i |= : . (1.20)

The third product Q3y* can be rewritten as,

Qy =(I®E})y =3, ®(1:-33) |y =(3u ®11)y - (3, ®J%)y’
(8) ©)

Y. —ab
7:1 ab 7*2 -b
ij b V*T -b
Q3y* = |- : |= : ) (1.21)

The last product Q,Y is straightforward,
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ab

Q4y* :(jN ®j$)y* :(C): Sk (1.22)

As a consequence, the equation (1.18) becomes

(Y11 y:l)+a(b1_b) (bl b) .
- a\b — Va— &
<y12 y2)+(b1_b) bl_b y*z—b ab
(y:T V*T)+(b1—b) b, —b Voo —b b
o Xy = : 4 Ze : 4 Ze : e
.............................. Var | |V | Y
(Yaa— o)+ (by —b) a(by —b) V. —ab ab
. b, —b y.—b :
(Vao =V )+ (y —b) v Voo b
o by, —b V. —b
(yNT yT)""(bN _b)
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O'EZ*_I/Z y =

*

* O, * (o O, (o O,
Y, —| 1-— jy, —a[l— £ Jb1+ (1— ¢ ]+[1——QJ+ =—-1|ab
. ( vt )" s vy vit) v

* O, * O, O, O, g,
Y, —|1-—=|V. —[1— £ jb1+ [1— - J+(1——e]+ £ -1|b
N vyt ) . vy vi’ ) v’

* O * O, O O, O
Y —| 1-—5 | V. —(1— £ jb1+ [1— £ J+[l— £ j+ £ —-1\b
g pit ) vy vy v’ ) wi?
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* — O-e
Yy, —6,Y., —abb +[¢91 +6, +‘//T/2_1jab

yi, — 6, 9b1+(¢9 +0,+—% 1]b
‘/’4 Y, —abb, —0,y., +6.ab
yIz - Hlbl _‘927-*2 + 93b
. . o :
-0,y -6b +|0,+6,+—=%-11|b .
i e lbl ( ' i l//éll/z ] Yir _elbl _HZVoT +03b
Y=o Xy = : =

Yy, —aBby =0,V +O,ab

* (o}
7 Ob, +| 6 +6,+—--1|ab .
Yni 2 Ya — a0y 1 2 E[/‘1‘/2 @ Yno —Gle _‘92y-2 +03b
. . o, :
Ve = 0¥ =B+ O+ 0+~ D Y. —0b, —6,7 +0b

* —_ Ge
Yt —sz.-l— —Hle + 91+82 +W—1 b

4

Thus, the typical element of the vector y** is given by

Yo = yil —bab, — 6’2*7,1 +6,ab - if t=1 (1.23)
yit_elbi _627.t+93b if t:2,...,T
where
o, o, .
6, =1- ]/2,9 =1- m,e =0 +6,+—5-1,b=>h, (1.24)
Vs Y, i=1
and
1
b =2 ay; +Zy.t (1.25)
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The bis are weighted averages of Prais-Winsten transformed observations with a special

weight a/dj given to the first observation.

Likewise the one-way AR(1) serially correlated error component model (Baltagi, 2005),
the two-way model can be estimated through two steps: firstly, by applying the Prais-Winsten
transformation as it is usually done in the time series literature, and lastly by subtracting a pseudo-
average from these transformed data.

The estimator associated to this last transformation is defined by
okl ok -1 Sk Hok
nGLsz(X X ) Xy . (1.26)

Moreover, it is possible to reduce this procedure to a one-step one, since y” can be directly
expressed in terms of y:

y =0, LV (1,®C)y.

It is also possible to derive their typical elements. Knowing that

p— 2 1 —
Vi=1...,N o=l V7P il
yit_pyi,t—l Ift:2,...,T,

one can express Y; interms of Y. We have:

N
1—p2yil—t91abi—%2( 1-p7Y, )+ 6,ab if t=1

Yie =
0, < .
Yie = PYia — O, _WZZ(yit —pyi’t_l)+93b ift=2,...T.
i1
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ok

Yii =
13 13 .
Yit _pyi,t—l _‘glbi _92 [WZ Yit _pﬁzyi,t—l)+e3b ift= 2,---,T-
i=1 i=1

N
1-p?y, —6ab, —6,\[1- p? (%Zynjwﬂb ift=1
i=1

H:{ 1= 52 (Yo - 6,7..) - bab, + B,ab ift=1

Vi = PYiia — 60 =6, (V. — pY. ., )+ 6D ift=2,...,T.

(1.27)

H_{ =97 (Yu—6,5.,) O, +0,ab  ift=1
(ylt

~0,Y.)— P (Vs =6, )-Ob +6b ift=2,.T.

We shall mention that bi s can now be seen as a weighted average of the original

observations:

1 U, 1 N
b, :_ztayil"'zyitj:_z(a 1_p2yi1+2(y"_pyi!t—l)]
da t=2 da t=2

1( fi+p 1 ST
b =% 1-p y.1+Zy.t pZy.u =5 (1+p)y, + Zy.t+y.T Pl D Y+ Ya
a a t=2

1-p t=2 t=2

1 T-1
b d_2|:(1+p p y|1+zy|t pzy|t+y|T:|

t=2 t=2

1 T-1
b :d_z(yil+(l_p)zyit +yiT] (1.28)
a t=2

where bis are now seen as weighted average of the original observations.
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1.1.4. BQU Estimates

The BQU estimates of the variance components arise naturally from the spectral

decomposition of the variance-covariance matrix X" (see Baltagi (2005), p. 36). We have:

E(Qu’)=QE(u)=Q,(1,®C)E(u)=0 and

Var(QiU*):QiE(U*U*,)Qi :QiE*Qi =Q, (‘/’iQi +Z‘/’jQJ—JQi =y,Q; .-

J#i

In other words,

QU ~(O0wQ,), fori=1...4 (1.29)

The best quadratic unbiased estimator of ¥/; is equal to . = &, for all i.
trace(Q,)

., U7 (Ey®E$)u’
OoO. =
? (N —1)(T —l)

) u*'(EN®3aT)u*
62 +d2(1-p)262 =
Thus, { 8 (N-1) (1.30)
A2 A2

NG u” (jm ®E‘;)u*
¢ ’ (T-1)

62 +d2(1- p)?62 + NG? =u” (3N ®3“T)u*.

1.2. Identical MA(1) Error Structure

We present a treatment of the two-way random effect model in the presence of MA(1)
serial correlation. We consider simple structures of the disturbances following an MA(1) process,

as in Baltagi and Li (1992b). The structure of the variance-covariance matrix of the transformed
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error terms and its spectral decomposition are then investigated. Next, we present the resulting
GLS transformations and lastly the BQU estimators.

1.2.1. Specification of the Model
Here, we set v, =e, — 0, ,, with [0|<1, and e, ~ IIN(0,07) while 4 =& —0_,, for

gtNIIN(O,aj). The individual-specific effect is spherical, i.e. yiNIIN(O,aj). For

convergence purpose and assuming stationarity, the initial values are defined as

Vie ~N(0,07 =(1+6)0?)

Jy ~N(0,0 =(1+6%)0?).
Once again, the overall disturbance U has mean zero and variance-covariance matrix
L=E(w)=X,+02[ Iy ®(uz) |+ (e )® X,

as in equation (1.7). However, X, and L, are defined differently:

r o 0
r -« 0
L o=orl. . . .|=0(y®T) (1.31)
00 r
and
[1+6° -0 0 0 0 |
-0 1+6* -0 0 0
— 2 J— .
¥ — o 0 0 1+0 .9 : (1.32)
0 0 -0 0
: : ' R —
| 0 0 0 -0 1+6*
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with, of course,

1+0* -0 0 0 0
-0 1+60* -0 O 0
f— 2 — .
r-| © o 1+0° -0 * | = Toeplitz(1+6%,-0,0,...,0). (1.33)
0 0 -0 0
: : ' . . =0
| 0 0 0 -0 1+6°]
Under this MA(1) framework, the correlation coefficient is now:
[02— a +o’ ]/[0' + 1+l92 0' +af)]for i=jt—s|=
2 2 S
Correl(u,, u, ) =1° /[a +(1+6%)(0? + 07 )] for i=jt-s[>2 (134
1 for i=j,t=s
0 for 1= j,Vt,s.

Once again, the equicorrelation has been removed and the correlation coefficient actually

depends on the time length [t —s].
1.2.2. Variance-Covariance of the Transformed Errors and Its Spectral
Decomposition

Balestra (1980) suggest the following transformation matrix C for an MA(1) process:
C =D7Y?P; where

1 0 0 0 0
o0 a 0 0 0
6* 0 a 0 0
P-| ""192 2 (1.35)
a, a0 a, 0
_QT -1 aieT 2 azeT -3 aGHT 4 aT .
with
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p

a,=» 6% p=01..T;and D=diag(a,a;,aa,,a,8; -, a_4a ).

k=0

172

Hence,
_ »
DN
1/2
6—2 [ij 0 0
(aa,) a,
2
62 a'0 ale ﬁ O
C= Y 1/2
(8,3,) (8,3,) a
g% a6’ a0 { a, Tz
2 2 2
(a3, )]/ (a3, )]/ (asa, )]/ a,
01_ o ao a10T -2 ang -3 aggT -4
2 2 2
L (aT—la'T )]/ (aT—la'T )]/ (aT 487 )]/ (aT 487 )

|

This matrix is such that CI'C' =1, The transformed error vector is

The variance-covariance matrix of the transformed errors is,

PhD Dissertation, University of Cocody, by BROU Bosson Jean Marcelin.
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0 u

0

1 =0y ®C)u
C || uy

8y
ar

:]/2
).

(1.36)
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(1 ®C)x(1, ®C')
(I ®c[ o?T) (1, ®C')+ 07 (1, @ C)[ 1y ® (14 ) |(1, ®C') +

&

®C)[ () ®(?)T (1, ®C)

) =a§(1N®CFC')+aj[IN®(CzT)( I }+a [(ny1)®CIC']

Z*=o-ez(IN®IT)+o-j[IN®(Z$l$')}+o-f[(lNz,'\,)®IT] (1.37)
where ;2 =Cy, =(c, @, - a;) With® g, = o Zet A, t=1..T ora =) a if
1a) s=1
t—s
we set ats:e—as_;z s=1..,tand t=1...T.
(aa)

' ! ¢ 1 o
Likewise in the AR(1) case, we define J% =", Jy =11y, JT:d—ZJT, and

a

_ B ) T T t
In =%JN with d2 =5 => o, = Z;ZQ‘—SaS,l . Therefore,

X =0l (Iy®1;)+d2o’ (I, ® 35 )+ No? (I, ® 1 ). (1.38)

6 For all processes, apart from AR(1), we shall set i = Cq, , where C denotes the correlation correction matrix. However, for the

AR(1) series, we specifically set o= o Ce following Baltagi and Li (1991) and Baltagi (2005). This slight difference in the
1-p

definition has no consequence on the results since the two ,* are proportional. It is actually useful in the sense that 0 appears in

the coefficient, which substantially simplifies the analysis.
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Again, the Wansbeek and Kapteyn (1982, 1983) approach requires the following

substitutions in the expression of X":

|, is replaced by E, +Jn where Ey =1 -JIn;
Jy is replaced by NJu;
J% is replaced by d?J7;
|+ is replaced by E% +J7 where E% = I, -J7.
We then get,
T =0l (Ey +3y)®(ES +3%) |+ 2ol [ (Ey +3,)® % |+ No? [ T, ®(Ef +3%) |

¥’ =o?(E, ®E})+(of +d}0? )(E, ® %)+ (0! + No? (T, ®Ef )+ (1.39)
(o-e2+d202+N0'f)(jN®j$). |

a~u

The spectral decomposition of X" is summarized by equation (1.16):
. 4
z =Zl//iQi with
i=1

2 2 2 2 2 2 2 2 2
v, =0, +d,0,, w;=0,+No; and y, =0, +d o, +No;.

_ 2
l//l_ae’ a” uo

The Qis have the same definitions as in subsection 1.1.2.
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1.2.3. GLS Transformation

Unfortunately, the overall disturbance u™ is not spherical at this step, as in subsection
(1.1.3). The suggestion of Fuller and Battese (1974) still works. We intend to find the typical

elements of y“ in terms of y*.

From the spectral decomposition given by equation (1.16) we again deduce equation (1.18)

cdp e Oy N AP
(> ﬂzy ZZWQJ =Q.y +ZZZWQiy'

Likewise the AR(1) model, we consider the products Q;Y", i=1,...,4 one by one.

Firstly,

Qly* :(EN ®EuT)y* :[(IN _jN)®(IT_j$)] y*
:(IN ®IT)y*_(IN ®j$)y*_(jN ®IT)y*+(jN ®j_‘:‘_)y*
(A) () ©)

Vi | |1y
(A)=(1,®3%)y" =diag[ J% | %2 = JT:yz where
Yol LIt
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_ _ -, _
o a o0, o, a0 .
a, L, b a,a, aa || 78
Y=g || % (o, @, a a )|y = FE T TG a0 | 7
a . o . . : .
2 yiT
o | oo, oo, oo ar |
i.e.,
T *
alzat Yit
t=1
T b,
* T
- . 1|a) ay, a,b. . 1 " i
Joyl == th:l: Vi S| T2 b with b =Yy, Vi=l..,N.
d’ . d’ =
. o b,
2%; Z oY
t=1
’
Consequently, (A)=(ab,  aby arb aby by arby) -
T
Z Y1
* i=1
IT IT yl N .
N = . . Sy, | 1 y
(B):(JN®|T)y - 3{2 = ; 2 | where
I; I; N
Yn N
2
L i=1 _
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1 I
(C):(3N®j£‘|—)y*=ﬁ
3
by ayb,
1dhvqe, 1| @b a,b,
ZNJey =
Nzll VI :
arb, o,
1 N
with bzﬁzb‘

Ve ||
Yar
e
R
NEN |
Yn
ale
a,by
o by

N *
Z Yiu
i-1

N *
PR
i1

where

PhD Dissertation, University of Cocody, by BROU Bosson Jean Marcelin.

Page 36



A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL WITH DOUBLE AUTOCORRELATION

ab

a,b

It comes that (C') =

From (A’), (B’), and (C’), one gets

=,
.o I—‘Q
HU

<l <

Qy = |- i |- |+ o= : (1.40)
y;l ayby 7:1 b Yni— 7.*1) - (bN - b)
N b, V. b o
yr:nz 052: N y:.2 a, (YNz y.z)_az (bN —b)
Yar by Yor b . :
(yNT VYo )_aT (bN _b)
Secondly,
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sz* :(EN ®jl11')y* :I:(IN _jN)®j'T'}y* :(IN ®j$)y*_(jN ®jﬁ?)y*

(A) ©)
ab ab o (b —b)
ab a,b a, (b —b)
a;b, a:b o (b,—b)
o ) ) | o

Thirdly,

QY =(Iy®E;)y =3, ®(1:-3%) [y = (3 ®1;)y - (3, ®3%)y’
(8) (©)
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Yo ab 7*1 —ayb

Y. a,b Y., —oub

QY= |- = i (1.42)

Lastly,

QY =(3,®J4)y =(C)=| i |. (1.43)

Here, equation (1.18) becomes
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(yfl—yfl)—al(bl—b) o
(y* vy )—a (bl—b) al(bl_b) Y., —a,b ab
oo . ? &, (bl_b) Vo — ;b a,b
(Vir =V ) (b —b) o (b, —b) Vo —anb o b
o, Xy = + e + e + 2
........................... N I 7 I 4 B
(y;l—)_/:l)—al (bN —b) al(bN _b) Vo —ab a;b
. a, (b, —b —a,b a,b
(yNz_y.z) az(bN _b) 2( N ) Jer . 2 2
) o, (by —b) Vo —onb a.b
(yNT _yoT)_aT (bN _b)
* O * O O O
Y, —|1 : j‘, —(1——ejab1+ (1— : ]+(1— B }+ E—1|ab
. ( wi? ) v’ ) vy vi? ) v |
. o " o} o lo}
Vo —|1-—5 |V, —| 1-— )ab1+ (1——ej+(l— : j+ = —1|a,b
N ( t//é”] i ( vt ) U s vi’) wi® ]
“ o N (o o
(125 2o 2 ) i o e
" ( l//i“z) ' ( vit) vy vit) i T
O'EZ*’J/Zy*z
. O, |_» o, o, o, o,
PR P R P (REANORE AN
* O * O O O (o}
Y, —|1—-— }7 —(1— S jab + {1— 5 ]+(1——e]+ & —1la,b
" ( wi? )7 U e ) U v vit) vl |
. o} . o} o o
Y —| 1-—5 |V — 1——8Ja by + [l— : J+[l— £ j+ = —1|eb
. [ wi’zJ ' ( vt ) U v vit) vl T
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. o o,
y,— &Y., —6ab + [6?1 +0,+—5 —1} ab

4

* _x (O
y12 —92y,2 —Qlazbl +(01 + 92 +T—1j azb

4

yI1 -0, 7:1 —Gab, +0,a,b
yIz -0, 7-*2 —Ga,b +0,a,b

*

_x O
Yir =6,V — G000y +(91 +0, +_]/ez_1jaTb

4

*

Yir =6, Yur — 6,00, + G0, b

O'EZ*’]/Zy* = : =
. - o Y1 — 60,5 —Gaby +6,a.b
-0,y.,—6Gab 6+6,+—=-1|ab . «
Y Yo ™ OO +£ e l//i/z jal Yno _927.2 _Hlasz + Hgazb
Ynz =6, Y., —Oarby +(‘91 +0, +W_1 a,b Yar — 60, —Oa.b, + 0,0,
. - o,
Yar —6,Y.; —6a;by +(91+92 +T_1 a.b
Y,
with Hl :1—%, 62 :1—%, 93 :91 +92 +%—1.
2 3 l//4

Finally, ¥~ =0,X ¥2y" with the following typical elements:

Vi =Y, -0,V —ab +0ab i=1..N t=1..T. (1.44)
where
1&H .
b ==Y ay, Vi=1..,N. (1.45)
a t=1
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The other parameters have kept their definitions of subsection 1.1.3. The estimator

associated to this last transformation is once again defined by equation (1.26). Here, the bis are
weighted averages of MA(1) corrected observations with weights «, / dj changing from one

observation to another.

Likewise the MA(1) serially correlated one-way error component model (see Baltagi,
2005), and the above AR(1) two-way correlated model, the MA(1) two-way model can also be
estimated through two steps: (i) one uses the Balestra transformation to correct for serial

correlation, and (ii) one subtracts a pseudo-average from these transformed data.

It is again possible to reduce this procedure to a one-step one, since y” can be directly

expressed in terms of y: Y~ =0, L " (I, ®C)y. We are then interested in expressing Y; as a

function of Y, . We therefore need to find out the relationship between y; and ;.

In contrast to the AR(1) model, the link between y; and Y;; is not so obvious.

We have
cC 0 0V v, Cy,
. 0 C
y'=(1,®C)y= B
0 0 C)\yn) (Cyy
with
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v2 .
(3J 0 0 0 0
&
g2 2 )" 0 0 0
72 P V.
(a1a2) a2 il
g2 —% a0 (ijﬂ 0 0 ?/iz
y, =Cy, = (2,8,  (aa,)" a ylj
V2 !
g2 a,0° 3,0 3 0 ;
72 72 72 a
(a:a,) (a:a,) (a:a,) 4 Yir
i a, aﬂ” a, g3 ag6,T74 ( a, Jl/z
L (aT—laT )]/2 (aT —1a‘T )]/2 (a‘T—laT )1/2 (aT —1aT )]/2 aT ]
_ . i
(EJ Yiu
2
(2]
a2 Ya | T Yi
(a3, )1/2 Mg 2
Y2
3,0° 3,0 (az]
. Lt S e 3 Y]
yi = (2,8,)" Yu (2,8,)" & 3 Vs
2
a,0° a,0° a,0 ( a, ]
0y L+ | =2y
(a3a4 )1/2 y|1 (a3a4 )1/2 y|2 (a3a4 )1/2 y|3 a4 y|4
T-1 9"2 ag 3 a a y2
(aao a )1/2 Yo t (a6\1 a )1/2 Yi2 +( : a )1/2 Yis +"'+W Yita +(f} Yir
| \Gra9r 7197 7197 7197
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1 1

y = 5 . (1.46)

At the observation level, we obtain

t

* 1 t -
== > 0 LY = > Y, Vit (1.47)
" aaya 2,4

We are now able to express Y, interms of ;.

. . . 1Y,
Vi =Y &Y. —Oab +0ab=y, -0, N Z Y —Gab, +G,00b
-1
- t 1 N t
Yii = Zats Yis =6, N Zzats Yis — b +G,ab
s=1 i=1 s=1

—- t t 1 N
Yii = Z Q. Yis — 922 o (ﬁ z Yis j —Gab, +G,ab
s=1 s=1 i=1

t t t t
y;* = Z U Yis — 02 Z Oy yos - 012 atsbi + 93 Z atsb'
s=1 s=1 s=1 s=1
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Thus, the typical elements of Y~ = o, L ¥* (I, ®C) Yy are given by,

t
yiT = Zats (yis —0,Y.s—0b + 6'3b). (1.48)

s=1

The bis are also related to the original data. In fact, we observe that:

14 . 1 L
bi: Zzatyit:dzzat( atsyisj
=1 1

ot 5=

Tt
Hence, b =dizzzﬂtsyis Vi=1...,N, (1.49)
a t=1 s=1
with
mo=a0,, S=L..tandt=1...T. (1.50)

1.2.4. BQU Estimates

The BQU estimates of the variance components arise from equation (1.29):

QU ~(OwQ), fori=1,.--,4.

The BQU estimator of ¥/; is given by . :&, for all i.
' trace(Q,)
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, U (Ey®E U
O. =
) (N—l)(T —l)

u*'(EN ®30T)u*

62 +d26° =
Thus, ¢ =~ (N-1) (1.51)
NG _u*'(JN ®E“T)u*
)
62+d26% +N Aj:u*'(3N®3“T)u*

1.3. General Model with Identical Error Structure

In this section, the general model is assessed. The autocorrelation pattern is not defined,
but the time-varying disturbances are produced by the same time series process. We first consider
the specification of the model; afterward we derive the spectral decomposition of the variance-
covariance matrix of the composite error. Next, the resulting GLS transformations are presented,

followed by the BQU estimates of the variances involved.

1.3.1. Specification of the Model
We reconsider model (1.3) vy, =8 +X%/6+U,, i=1..,N and t=1...,T with the
composite error U, = + A4, +v,, i=1...,N and t=1...,T. In vector form, the two-way error

term is given by equation (1.6): U=(l,®z )u+(4 ®1;)A+v.

We are dealing with a general framework where the time-varying disturbances V;; and A

follow the same stationary process, the only requirement being that their variance-covariance

matrices should be written as

E(A4)=0;T, E(vy)=0.T Vi=1..,N, (1.52)
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In fact, their variance covariance-matrix, at the individual level, should be proportional to
a real-valued symmetric positive definite matrix I' 7. This is likely to be matched by all classical
time series processes, i.e. autoregressive as well as moving-average and the mixed ones. We still

assume that E(v,v)=0 for i=j, Vts sothat E(v})=0 Vizj. Thus, U has mean

zero and variance-covariance matrix
L=E(uw)=X%,+0o; (IN ®(4ry ))+(lNl;\l )®x,

as in equation (1.7). X, and X, are such that

X, =0T (1.53)
and
r o 0
or --- 0
L, =E(w)=0o;|. . . .|=0(I4®T). (1.54)
o o0 --- T

Hence, the variance-covariance matrix of the composite error terms vector u can be written as

’If we follow Baltagi and Li (1994) and Baltagi (2005), we would have assumed that V;, and /It follow a g-stationary process:

0<l|s| < 0<|s| < - .
E (vhvi t75) 1% |S| q and E (ﬂtﬂH) _J% |s| q . There is in fact no need to assume a q-dependent process in
' 0  otherwise, 0 otherwise.

our general model. A stationary process is simply sufficient. These authors were interested in building a framework for a general

MA(q) model, which is not our goal here.
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=021, ®(ry )|+ 0l (tyiy )@ T +07 (1, ®T). (1.55)
1.3.2. Variance-Covariance of the Transformed Errors and Its Spectral

Decomposition
Since I' is a real symmetric positive-definite matrix, there exists a matrix C such that
CIC = I . Inorder to correct for serial correlation, this matrix C will help us transforming the

composite error into a new one denoted by u”. The transformed error vector is

u, Cu, cC o 01y

ol C

I e R N I RO
Uy, Cu, 0 0 C || uy

The variance-covariance matrix of the transformed errors is

¥~ (1,8C)2(1,6C)

X =(1, ®@C) {1y ® (x4 ) [}(Ty ®C')+
(1, ®C)[ o7 (11, )®T |(1, ®C') + (I, ®C)[ &7 (I, ®T) |(I,, ®C")

X =02 [IN ®(Cq )(Cy )’}+aj [(,)®Crc’]+o? (I, ®Crc’)
=0l L ®(44) |+ of [(0ih ) @1y ]+ 07 (I, ®17) (1.56)

where # =Cy =(e, @, - « ) is alTxl vector of constants depending on the serial

correlation process specified.
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a a.a' / ¢ 1 a
Likewise in the previous models, we define J7 =41, Jy =g, 7 :d—ZJT, and

a

.
In =%JN with d? =4 => o . Therefore, we can write
t=1

¥ =dlol (I, ®J% )+ Noi (I, ®L; ) +07 (1, ®L;). (1.57)
We then use Wansbeek and Kapteyn (1982, 1983) method:
|, is replaced by E, +Jxn where E,, = 1, -Jn by definition;
Jy is replaced by NJy;
J% is replaced by d?J7;
|1 is replaced by E% +J7 where E = I..-J7 by definition.
We get,
X =d2ol[(By +3,)®T% |+ No? [T ®(ES +3%) [+ o7 [ (Ey +T, )@ (ES +T4) ]

Y =0 (Ey®E})+(o) +d2o’)(Ey ® T4 )+ (o) + No? )(T, ®EF )+

- (1.58)
(02 +d2o% +No? )(3, ®34).
Once again, the spectral decomposition of X" is summarized by equation (1.16):
. 4
X' =) w,Q; with
i=1
v,=o., y,=o.+d’0’, y,=o.+No;, y,=0’+d6’+No;. (1.59)
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Qs have the same definitions as in subsection 1.1.2.

1.3.3. GLS Transformation
As expected, the overall disturbance vector u” is still non spherical. As in subsections

1.1.3 and 1.2.3, another transformation matrix is used, say GVE*_M. The typical elements of

y** = sz*_]/z y* can also be obtained. We will proceed as in the above subsections.

From the spectral decomposition appearing in subsection 1.3.2, it comes

1 e O, . P w0, .
o, Xy =Z—QW]/2 Y =Qy +ZZZ—QWJ/2 Y (1.60)
i=1 ¥, i= i

which is similar to equation (1.18).

Firstly, one has

*

:(IN ®IT)y*_(IN ®j$)y*_(jN ®IT)y*+(jN ®j;l')y*
(A7) (B7) ©

where (A”’), (B”’) and (C ") have to be determined explicitly.

We have
A §$yf
(A)=(1,®32)y =diag[ 32 ]| Y2 |=| 772
Yol LI$Yn
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o « o
a, yil a,
qoa,,* 1 in 1 . *
where JTyi:d_2 a (o a a - a) : == Y| o
« . : o t=1 .
o | Yir a
ie.
T *
alzatyit
t? ayh
_ . . 1 - :
J?yi*:iz %;a‘y't = az_h' with h ==Y ay, Vi=1...,N.
da . : da t=1
T' o h
aTZatyi:
t=1
Consequently, (A")=(azh, a,h, - ath i - i ahy ahy - ahy) .
S
PRA
* i=1
U T I Sy
- T R RV R IS
B")=(J, ®I =—: . =—| 4 where
(B)=(3®l)y N LON| T
I, Ll :
Y v
ZyN
=
N *
Zyil
* * * i=1 —*
11 y21 le N y‘l
" . . . -
PO | R A P ziiZ:lly.zzy.z
NS N : N[
L sz y;T y:lT i N Yar
DV
i=1
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Hence, (B")=()7:1 e Y b Y, e V:T)I:(B'):(B)'
SR
2. 3%y,
_ _ y* i=1
. JeoooJe . ijay*
— Za * . . . y2 T
C")=(I,®J =— : =—| 4 where
( ) (N T)y N| =, - : N
J3 J3 . :
Yn N
2. 3%,
= ]
N
051_Zhi
ah) (ah, ayhy N ah
ilejﬁy:Ei | et | e L az%:hi |
N i=1 : : : N N :
arhy a:h, arhy N arh
aTZhi

(©)-
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From (A”), (B”’), and (C "), one gets

YL A .*1 ah
YIz a,h

Qy = |- i |- |+ o= : (1.61)
y:u ath 7*1 alh (y:u_y*l)_al(hN _h)
yr?lz 052th Y. afh (y;z _ 7*2 —a, (hN _ h)
Yar ) \exhy Vor oz .oy
(yNT Yo )_aT (hN _h)
Secondly,

QY =(Ev®3%)y =[(1y-34)® 35 |y =(1,®3%)y" - (3, ®35)y’

(A") )
ah ) (ah) (a(h-h)
a,h, a,h a,(h,—h)
| || fertnon
o ) ] | -

PhD Dissertation, University of Cocody, by BROU Bosson Jean Marcelin. Page 53



A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL WITH DOUBLE AUTOCORRELATION

Thirdly,

=, *

ng* :(jN ®E?r)y* :|:jN ®(IT_3'T')] y* :(jN ®IT)y*_(jN ®‘J$)y

(B") €
Vo a;h Y.—ah
7.*2 azh 7.*2 o azh
Vr a:h Yo —ogh
Qy =| |- i |= : : (1.63)
Vo a;h Ya—oh
V.o ah Yo —ah
Vor a:h Yor —a;h
Lastly,
a;h
a,h
ozh
Q.Y =(3,®I%)y =(c")=| i |. (1.64)
a;h
a,h
a;h
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Equation (1.60) becomes

o a, (hl - h) 7:1 - alh alh
_ _ —h .
(ylz Yo .az(hl ) az(hl_h) y.g_azh azh
(y; VT)_aT (hl_h) O{T(hl—h) V.. —a;h a.h
O'VEK]JZ y* = %, o, o,
........................... vl v
Yar— Vo —Otl(hN —h) al(hN - ) Y:l—alh a;h
. hy — ¥, —a,h h
(yNz_YZ)_az(hN_h) i N ) & :052 05?
* _x : Or (hN _h) V*T—aTh aTh
(yNT _y-T)_aT (hN _h)
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o, XYy =

* O * O O, (o2
Y, —|1-—— j)‘/, —(1— % jahﬁ [1— . J+(1— . j+ ~—1|ah
11 [ l//;/z 1 ;/2 1 I W;/z W;/z Wi/z 1
* O * O O (o2
y. 1-— jy, —(1— ja h + (1— . J+(1— . ]+ -1 |a,h
. ( vi? ) 27U v vi* ) wi® |
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* _x O,
Y — 6 Y. —Oagh + (‘91 +0,+—7 _1} a;h

4

o o,
y12 —sz.z —6’1052hl +(91 +92 +W—1]a2h

y:l - 02 _.*1 - elalhl + 03a1h
Y, —6,Y., —Oa,h, +G,a,h

—

* * 0 .
Yir =0, Yur _ezaTh1+(el+02+ ; _1jaTh .
iy Yir — 02 Yor — elaT hl + «9305T h

4

*

o Xy = : =

y:u -0, 7:1 - Gahy +G,ah
y:lz - 927:2 —8a,hy +ba,h

* _* O,
Y1 — 6, Y., —Gah, +[6?1 +6, +z//_;2_1Jalh

4

. o o,
Yo — Y., —Ga,h, +| 6 +6,+ e —1]a2h

Yr =6,V —6arhy + 6, h

. . o,
Yar =&Y —Oorhy +| 6, +0, +W_1]aTh

Finally, The typical elements of y = GVE*_]/Zy* are given as follows,
Vi =Yy — 0,V —Oah +0ah i=1.. N t=1..T# (1.65)

with

8 This expression is similar to equation (1.38), its counterpart in the MA(1) identical time structure model. Here, hi is used instead
of bi , in order for us to stress the fact that unlike the later, the former cannot be expressed in terms of the original data Y, unless

the correlation pattern is clearly specified. Another difference is the presence of 0, instead of O .
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0,=1-22 0 =1- 0,=0,+0,+— -1, h = 2Zay,t Vi=1..,N  (1.66)
vy

2 27
v l/f” ; b=

N
and h=>"h .

i=1

This is a general version of the Fuller and Battese (1974) transformations, extended to the
case of a two-way error component model with a general but identical serial correlation structure.

The estimator associated to this last transformation is still given by equation (1.26).

Likewise the previous models, the general two-way model with identical serial correlation
pattern should be estimated through two steps, by: (i) applying the Balestra transformation to

correct for serial correlation, and (ii) subtracting a pseudo-average from these transformed data.

It is also possible to solve it through a one-step procedure by expressing y” in terms of .

However, the general and unspecified correlation pattern does not permit its determination. The

precise matrix C needs to be known first.
1.3.4. BQU Estimates

The BQU estimates of the variance components are still derived from equation (1.29):

QiU* ~ (01l/ini) ,fori=1,...,4.

The BQU estimator of ¥, is equal to . = " _u'Qu”_
trace (Q,)
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, U (Ey®E U
O =
! (N—l)(T —l)

u*'(EN ®30T)u*

67 +4267 -
Thus, 8 (N-1) (1.67)
u” (In®E U
0'2+N&§— ( T)
(T-1)
6% + 2 A;+N&§=u'(3N®3T)u*

1.4. FGLS Estimation of an Identical Time Structure Model

Since the beginning of part 1, the variance-covariance matrix has been assumed to be
known. In fact, one of the major difficulties in practicing econometrics is that most of the
parameters of a model have to be determined. It is often the case of the error terms variance-
covariance matrix, with all the involved parameters. Therefore, a FGLS approach is welcome, in
order to overcome this issue of unknown relevant parameters. This section is devoted to this
objective. The cases of AR(1) and MA(1) error structures are solved in the first two subsections.
Afterward, a feasible treatment of the general model is proposed. Lastly, the approach of Swamy

and Arora (1972) is presented as an alternative to our method.
1.4.1. AR(1) Model
From a practical point of view, we face several unknown parameters:

p04,0,,0,,0.,7, 75 and },. We first need an estimate of the AR(1) parameter o . Following

the recommendation of Baltagi and Li (1997) in the one-way serially correlated model, an

itvit—s

estimator of o based on the autocovariance function y(s) = E(u u. ) will be derived. From

Up =t +A+vi, Vi = PVia T8 and 4 = pA_, +¢,, it comes :

it

7(3) = E[(,Ui +4 +Vit)(:ui + A Vi )}
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7(8)=E(&)+E[ s (A +vies) [P E[ A (1 +vie o) |+ E(AA )+ E[vie (4 + A ) [+ E(vivies )
y(s)=ol+p°(cF +07). (1.68)
In particular,
7(0)=0,+0; +0,, y(1) =0+ p(c; +02),and y(2) =02 + p* (o7 + 7).
One deduces:

7(0)-7(2) ,_r®)-r(2) (1.69)

which is exactly the same relation obtained by Baltagi and Li (1997) in the one-way case.

Therefore, their estimator 5 remains relevant to our current study. 5, which is consistent for

large N, is given by

p=2D=7(2) (1.70)
7(0)-7(1)
N T n
where 7(s) = ﬁz >G4, and Uy denotes the OLS residuals of model (1.3).
- i=1 t=s+1

Once the AR(1) parameter is known, we deduce

a=Ja+p)/(1-p), (1.71)

d>=a*+T-1. (1.72)
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The vector #' and matrices juT and E7° are now fully known and can be used to get the BQU
estimates of some variance components:
., U0'(Ey®E})d
O, =
(N-D)(T-1)

o a*’(EN @33‘-)0*
O, ==

©odia-p)| (NS

~n2

6 (1.73)

L 1[0 (IveEr)a
TN T Ty

A% ; . * * 2 2
where (i~ are OLS residuals from the regression of Y on X . We also deduce 0, and 0, as

) O,
o, = 1.74
Y 1_/52 ( )

and

~2

A2 Gg
o, = 1.75
1= p? (1.75)

respectively. Hence, the estimates of the ¥;s and &, s are obtained and the GLS transformations

proposed in subsection 1.1.3 can now be performed. One gets the estimated coefficients and

-

9 One can write (JT) and (E';) to stress the fact that they are actually estimates of the idempotent matrices JT and E:

respectively, since  is substituted by its estimation @ in their definitions.
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completes the estimation of our two-way serially correlated AR(1) error component model with

identical error structure.

1.4.2. MA(L) Model

If the AR(1) FGLS approach was a straight application of the GLS transformations
developed earlier, the FGLS counterpart of the MA(1) model is not that intuitive. In fact, the
estimation process employed in the AR(1) case relies on the availability of an acceptable estimate

of the AR(1) parameter p. Hence a feasible version of the correction matrix of the

autocorrelation, i.e. matrix C, was determined. Thereafter, all the parameters involved in the

GLS transformations were estimated.

Unfortunately, in the MA(1) case, a direct determination results in a nonlinear estimation

of the MA(1) parameter 4. Following Baltagi (2005) in the one-way serially correlated model, an

estimator of # based on the autocovariance function y(s)= E(uitui,t_s), s=0,...,t-1 can be

derived. From u; =4 +A4 +v,, v, =¢, -6, and A =& —0Og_,, it comes :

7(5) = E[(/Ji +4 +Vit)(:ui A Vi )]

7(s)=0%+p, (ol +07) (1.76)
with
1+ 6% if s=0
p.=1-0 if s=1 (L.77)
0 if s>1

We deduce that, for some j>1,

y()-y(i)=0 —(9(052 +G§)—0‘fl :—6’(0'52 +c792)
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and
7(0)-y(j)=0 +(1+92)(0'52 +0:)—0'j :(1+02)(0§ +a§).

-0

If we set r = , we then deduce

r="f(6)= 7(1)_7(1-.) (1.78)

which can be estimated by f = M knowing that 7(s) = ZN: i .0, where
7(0)-7(1) N(

i=1 t=s+1

ljﬁ s denote the OLS residuals of the initial model. It comes that

1+A

0=1"(f)= T

(1.79)

The estimator 4 is then obtained provided A=1—-4f?>0 and it must satisfy the invertibility

condition ‘é‘ <1. There is no warranty about the success of this nonlinear method since these

conditions may not hold.

As a solution, Baltagi and Li (1994) propose a simple approach requiring only linear least
squares for a one-way autocorrelated error component model with the remainder disturbances
following a general MA(q) process. Their method consists in estimating the autocovariances of
the composite error term which are obtained from linear least squares instead of finding the MA(Q)
parameters which require nonlinear least squares. We adapt their approach to our two-way error
component model with identical MA(1) error structure. The theoretical model developed in
section 1.2 has to be slightly modified. The variance-covariance matrix of the composite error

terms vector u is now written as

r=0,(Iy®uy)+0o’ [le,; ®(O‘5F):|+IN ®(0'31“) (1.80)
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2
where ¢ :0—42, and T’ :Toeplitz(l,r,O,...,O) with r = _‘92 . In fact, we have:

o, 1+60
1+6> -0 0o 0 - 0 |
-0 1+6* -6 o - 0
2 _ 2 _ .
E(vivi'): avz 0 0 1+60 .6' K :
1+60 0 0 -0 S 0
) . ) . .
0 0 0o -6 1+92_
or
1 ;"2 0 0 0
1+6
_‘92 1 _‘92 0 0
1+6 1+6
0 —_92 1 —_‘92
E( N 1+60 1+6
vv)=o0; 0
0 0 > 0
1+6
-0
1+6?
0 0 0 _92
L 1+6 i

The matrix C = D¥?P defined in section 1.2 is no longer appropriate. Baltagi and Li (1994)
suggest a standard orthogonalizing algorithm for the general MA(q) process. This algorithm is
summarized for the MA(1) case in Baltagi (2005). Let C, denote the matrix correcting the

correlation in V;;, i.e. a matrix such that C.E(v,v/)C; =C+ (afF)C’T =I,;. The transformation

of the composite error term by I, ® C; yields the same formulas as in the general model of section

1.3. Keeping the same notations, we have

PhD Dissertation, University of Cocody, by BROU Bosson Jean Marcelin. Page 64



A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL WITH DOUBLE AUTOCORRELATION

=2 [IN ®(Crr )(Cray )’}+0'2 (12 )®Cy (a7T) C |+ (1, ®C (07T CY)

ie. ¥ =0 (IN ®z$z$’)+az(zNz;, ®1,)+(1, ®l;)

In fact, this equation is another version of equation (1.56) obtained under the general identical time
structure model. The parameters af and ovz have been substituted with &% and 1 respectively. As

a consequence, one gets another version of equation (1.58):

X =(Ey ®E})+(1+dio} ) (Ey ®J7)+(1+ No? )(T, ®E7 )+ (1.81)
(1+d§05+N02)(jN®j$)- |

4
The spectral decomposition of X" is summarized by equation (1.16), i.e. £ = Z‘//iQi with the
i=1

W;s given by:
v, =1, w,=1+dlo, v, =1+No?, v, =1+d.o. +No*.

The final transformation applied is y** = O"VZ*‘Wy*.lo The typical elements are defined

by equations (1.65) and (1.66). In order to implement these last transformations, we firstly

consider the autocovariance function of the composite error term u. We can write it as

. : * 2 > . o
10 Here, one can easily set 0, =1 and consider Y =0, X "'y , leadingto E (u u )= I, . However, we have kept

ok *_1/2 * ok dK 2
y =0, X "y sothat E(U u )=O‘V|NT_
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7(S)=E(ult |ts) 71/( )+O-,t21+7/1(s)
where 7, (s) and 7, (S) are the autocovariance functions of the error terms 4, and v, respectively.

7(0)=0.+7,(0)+7,(0)=0.+0; +0;
y(V)=0;-7.1)-r.Q)=0+r[7(0)+7,(0)]=0c} +r (o} +07) (1.82)
y(s)=o2 for sx>2.

H

Hence, we deduce, for some j > 2, the estimates of aj and r:

é:=7(i), (1.83)

(1.84)

N T
z > 0,0, . where Uy s denote the OLS residuals

Note that, for s =0,...,t -1, 7(s) = N(
i=1 t=s+1

of the initial model.

A remaining issue is about discriminating between 6> and G-. This can be solved by

applying the within transformation to the initial model (subsection 2.3.1 presents this approach

which is very helpful in the autocorrelation model with different error structures). The original

model is transformed by E\ ® I+, The autocovariance function of the resulting composite error

term G, =(E, ® 1;)u, = fz +V, is given by

PhD Dissertation, University of Cocody, by BROU Bosson Jean Marcelin. Page 66



A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL WITH DOUBLE AUTOCORRELATION

As a consequence,

2 4 N = «
o, =7, (O)ZN—_lﬂf(O)—O'2
. 1 N T, o &
where y(s)= N(T )Z z U.0;,,, s=1...,t-1 isthe empirical autocovariance function and
-S i=1 t=s+1

6;=7(0)-67-63. (1.85)

L (1.86)

Following Baltagi and Li (1994) and Baltagi (2005), we shall point out two important steps:

i - Py
it [
Step 1. Compute vy, = Y and Vi _ N9 for t=2,...,T where g¢g,=1 and
Jo. Jo.
lf,\2
g, =1-— for t=2,....T.
94
Step 2: Compute Y = avz*_]/zy* using the fact that 2 =Cs = (e, @, -+ ) With =1
- f
9

and a, =
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Since the estimates f and 63 have already been determined, we can go through these two

steps. We also have the estimates of df, and of the w, s from which the é’i s are deduced:

. .
:z yi=1, v, =140%67, 1, =14NG?, i, =1+d%62+ NG, 6 =1-—,
v,
n o n A oA G, T PO A
Vs W4 2 t=1 i=1

a

1.4.3. General Model

Along with the theoretical GLS approach presented in the section 1.3, we are interested in
the feasible version of our general two-way error component model with identical error structure.
The degree of sophistication in implementing such a FGLS method strongly relies on how
“simple” the correction matrix C might be. Indeed, estimates of the serial correlation parameters
are needed. Baltagi and Li (1994) argued that, for the AR(p) model these parameters are easily
obtainable while the estimation method is more involved when dealing with the MA(q) process.
Even in time series literature, moving-averages processes are known to be more complex.
Additionally, for the error component models in which time-varying disturbances carry serial
correlation, the difficulty is likely to be strengthened. The algorithm of Baltagi and Li (1994) for
inverting the MA(q) process is therefore welcome. Galbraith and Zinde-Walsh (1995) propose a
generalization to the ARMA(p,q) and then apply it to a one-way error component model.

Assuming that the correction matrix C of section 1.3 is known, all the idempotent matrices

Qis are immediately obtainable. The BQU estimators of ;s are then derived as

. ”'Qu

W, = i=1,...,4. G isthe vector of OLS residuals from the regression of y* on X'.
trace (Q,)

. A2 A2
In particular, one gets 0, and 0;:
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0" (Ey ®E3 0"
trace (E, ® Ef )

A2
O =

(1.87)
L 1 0" (In @ES )0’
TN trace (JN ®E“T)

_O'V

Distinguishing between dj and o”'f, can be done through the autocovariance functions of

the original overall disturbances u. We have
y(s)= E(uitui,t—s) o’ +E( ViVie S)+ E(A4A) Or 7(S)=0f, +7,(5)+7,(s)

for s=0,1,...,t—1. Asaconsequence, one can obtain the estimate of o

N T
The empirical autocovariance function of u is given by 7(s)= N( Z > 6,0, with Uy

denoting the OLS residuals of the regression of y on X. Hence,

oy a”*’(EN®3¥)0“
d?=— -6 |. (1.83)

A

S, trace(EN ®3;)

It is worth mentioning that another estimator of dj is obtainable!!.

1 These two estimators can be statistically different. A comparison of their asymptotic and small sample properties will be welcome

in further papers. An investigation by Monte Carlo experiments will also be useful regarding the issue of negative variances which
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From Cy =(oy, @, --- o) ,thevalues of the «, s are known.

~ T A
Then one obtains dj = de . Finally, from the knowledge of the ;s and of GVZ, we get
t=1

the estimates of the &; s, . s and of h.

The GLS transformation Y; =V, -6,V —0ah +6ah i=1..,N t=1...T can now be

performed, the GLS estimator associated to this last transformation being the one defined by
equation (1.26).

1.4.4. The Swamy and Arora Method and other FGLS Approaches

The BQU estimates of the characteristic roots of the variance-covariance matrix are given,
throughout part 1, by equation (1.29): . __UQU iy 4 where U =(1,®C)u is a
trace (Q;)

vector of transformed errors.

Generally speaking, in a non-correlated two-way random effect model (see Baltagi, 2005),

: : uQu . : .
these BQU estimates are obtained from L I1=1,...,4, ubeing the true disturbance vector

trace (Q,)’

of the regression of y on X, and Q;s some idempotent matrices. One can then replace vector u

which is unknown, by OLS residuals, as suggested by Wallace and Hussain (1969), or by the
within residuals (Amemiya 1971). However, the formers lead to asymptotically inefficient
estimates of the variances with limiting distributions that are different from the ones obtained with

the true disturbances. They result in biased standard errors and t-statistics (Amemiya, 1971). In

is likely to appear in the two-way error component models. Once again, we shall restate our desire to tackle these small sample

properties questions in the future.
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contrast, the within estimators are unbiased and asymptotically efficient and have the same
asymptotic distributions as that knowing the true disturbances (see Amemiya (1971), Prucha
(1984) and Baltagi (2005)). Since the within regression uses only part of the available data, Swamy
and Arora (1972) suggest a FGLS estimator in three steps, each one consisting in transforming the
model by an idempotent matrix involved in the spectral decomposition and then computing the

estimates of some variance components (the root associated to this idempotent matrix).

In our case, we suggest replacing u” by the OLS residuals of the transformed equation

y* = X*17+u*, say 4”. By this proposition, we follow Baltagi and Li (1991), Baltagi and Li
(1994) and Baltagi (2005). This issue of the choice of the residuals is not that relevant here since

we are not dealing with simple OLS residuals, but OLS residuals from a transformed model, that
is with FGLS residuals.

It is well-known that true GLS estimators are BLUE. However, the variance components
are usually not known and have to be estimated. Baltagi (1981) performed a Monte Carlo study
on a simple regression equation with two-way error component disturbances and then studied the
properties of several FGLS estimators corresponding to the methods developed by Wallace and
Hussain (1969), Amemiya (1971), Swamy and Arora (1972), Rao (1972), Fuller and Battese
(1974) and Nerlove (1971). They found that all the FGLS estimators considered are asymptotically
efficient. It is consistent with Swamy and Arora (1972) and Prucha (1984) findings on the
existence of a family of asymptotically efficient two-stage FGLS estimators of the regression
coefficients, even though their variance estimation methods differ. This leaves undecided the

question of which estimator is the best to use.

We shortly present the crux of Swamy and Arora (1972)’s method. As an example, we
consider the AR(1) model of section 1.1. Their method suggests running three least squares

regressions by transforming the data by some Qis matrices.
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The first one consists in transforming the Prais-Winsten data by Q, =E, ® E7. It yields

. 2
an estimate of o, :

))

v, =62 [y Q,y -y'Q,X (x*'Q1 X 'Q,y }/[N ~1)(T-1)-K]. (1.84)

The second regression transforms the Prais-Winsten data by Q, =E, ®J7 and suggests

an estimate of v, = o> +d’(1- p)°c’

!,52{y*'sz*—y*'QzX*(X*'Qz X"Quy } /[ N-1)- (1.85)

from which one gets

62 = (v, -62)/| dz- 5y | (1.86)
The third regression uses Q, = In® ET to obtain an estimate of v/, = aez + Nog2 ;
Wy = {y*'ng* - y*’Q3><*(X*'Q3 X"Qy } /[ (T-1)- (1.87)

from which it comes

62 = (s -62)/N. (1.89)

v, =62 +d2(1- p)262 + NG2. (1.89)
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Unfortunately, Swamy and Arora (1972) found that their FGLS estimates in a two-way

random effect model are less efficient than the OLS estimates if af, and Gf are small. They are

also less efficient than the within estimates when af, and Gf are large. Baltagi (2005) stresses the

fact that the later result is amazing since the within estimator uses only part of the available data
while the Swamy and Arora estimator are based on all the available data. These are the reasons
why we didn’t use their estimates in our FGLS subsections. However, we find that it was worth
mentioning the existence of such methods in determining the estimates of some variance

components in error component models.

As a conclusion, part 1 has developed a GLS way of treating the identical correlation
structure in a two-way error component model. The FGLS counterparts are deduced in several
cases, according to the different correlation series considered, including the AR(1) and MA(1)
processes. Henceforth, how would the treatment differ if the time-varying error terms were

allowed to exhibit different correlation patterns? This is the purpose of the next part.
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Part 2: A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL
WITH DIFFERENT TIME STRUCTURES

The time structure of the error terms has been assumed to be identical in the previous part.
In other words, the time-varying components of the two-way disturbances 4, and v, , were

following the same processes.

However, this assumption is in fact a strong one. What can justify such a hypothesis when
dealing with real-world data? Outside theoretical conceptualization purposes, actual data are not
likely to display such correlation figures. As components of the same error term, one can expect

A, and v;, to follow similar processes, but not necessarily the same one. Therefore, the next level

of modeling the correlation pattern consists in allowing the parameters of the time series to be
different, even though the processes are of the same type. This part investigates the consequence
of this hypothesis, notably for AR(1) and MA(1) processes.

Lastly, the time-varying error terms A, and v, are considered from a more general

perspective. They may follow any time series process, even of different types. This assumption

which is free of restrictions is also examined here.

Beyond the evolution of the correlation pattern, from specific features to a general
framework, part 2 shows that the variance-covariance matrix of the overall disturbance takes a
particular form, whatever the structure of the serial correlation might be. Section 2.1 is devoted to
this objective. Hence, a GLS estimation based on the inversion of this variance-covariance matrix
is suggested in section 2.2, with a special interest in the asymptotic properties of the regression
estimates. Finally, section 2.3 is aimed at finding some feasible estimates for the parameters
involved in the model when the variance-covariance matrix of the composite disturbances is

unknown.
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2.1. Autocorrelation and General Expression of the Variance-Covariance

Matrix

In this part, the error terms carrying the serial correlation are allowed to follow several
processes. Under this double autocorrelation error structure, the second order moments of the
disturbances are more complex than those encountered in part 1 which had assumed an identical
correlation framework. Fortunately, the resulting variance-covariance matrices can all be written

in a specific form. It is the purpose of this section.

Subsection 2.1.1 and subsection 2.1.2 deal with the AR(1) and MA(1) time structures while

subsection 2.1.3 tackles the more general case.

2.1.1. Double AR(1) Error Structure

Equation (1.3), y, =4, +%6+U, i=1...,N and t=1...,T is still considered as the
general regression model. In matrix form, we write y =Xz +u. In the overall error term given
by equation (1.1), i.e. U, = +A4 +v,, i=1...,N and t=1...,T, the underlying disturbances

v, and 4, are assumed to follow different AR(1) processes. On the one hand, v, = p,v,,, +¢€,

with [p,

<1,and e, ~ 1IN(0,57) and on the other hand 4 = p, 4, +& with |p,[<1, p, #p,
and ¢ ~ IIN (0, aj). For convergence purpose and under stationarity assumption, the initial

values are defined as

2
Vi~ N(O,lo-e > =0V2]
— Py

02
~N[0,-% =52 |
& Ll—pi Gl]

Let C, and C, denoting the following (T —1)xT and (T —2)x(T —1) matrices:
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_pv 1 O _pﬂ 1 O
- 1 — 1 :
c-| ° ,and C, = ? P ol 2.1)
0 0 —p, 1 0 0 —p, 1
Then, we have
p.p, —(p+p,) 1
0 pp,  —pitp) 1 -0
CZCl - : /1: ( l: ) oo, : (2'2)
0 0 0 0 - pp —(ptp) 1
leading to
€is — P60 €iz — Py€iy
C,C,v, = : =V and C,C,A = : =1 (2.3)
€r — 0,61 Eir —PAéita

The transformed errors Vi* and A" are now following two different MA(1) processes, of

parameters p, and p, respectively. Thus, by applying the appropriate transformation matrices,

the autoregressive error structure can be changed into a moving average one. The only cost is the
loss of the first two pseudo-differences, which has no serious consequence for a long time

dimension.

Premultiplying the regression model (1.3) by I, ®C,C, yields:
y =(1,®C,C,)y=Xn+u (2.4)
A typical element of this transformation is

y; = VYit _(Pv +pﬁ)yi,t—l PP Vi U= 3T (2.5)
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The transformed overall error term is given by

u = (Iy®C,C,)v+u®(C,Ciiy ) +iy ®(C,C,4)

U=V +u®(C,Cup )+1, ®4, (2.6)
where V' =(1, ®C,C,)v and 4 =C,C,A.

The subsequent variance-covariance matrix is

Y =0 (Iy®T, )+0.l, ®(C,Cry C\Cy )+ 07 (11, ) ®T, (2.7)
where
1+p; -p, 0 0
-p, l+p; -p,
r,=/ 0 0 S0 |=T(p,)
L-p
0 0 -p, l+p;
and
1+p; -p, O 0
-p, 1+p; -p,
r,=| o0 0 ... 0 |=I(p,) are positive-definite matrices of order T-2
. : : N,
0 0 -p, l+p]

where I'( ) is defined by
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1+x* -x 0 - 0
-X  1+x2 X
r(x)=| o 0 . . 0 |=Toeplitz(1+x*-x0,...,0) (2.8)
: . . . —X
0 o 0 —x 14X

for any real number x.

We are facing typical covariance matrices (aside a multiplicative factor) encountered in
first order moving-average models. The exact inverse of such matrices can be found in Pesaran
(1974) and Revankar (1979). At the opposite of the one suggested by Balestra (1980) and used in

subsection 1.2.2, the inverse proposed by Pesaran is independent from the parameters p, and p,

. This is the main reason why it is used here, in the straight line of Revankar (1979).

Let P’ be the orthogonal matrix whose t-th row C/(x) is the t-th eigenvector of T'(x)

corresponding to the eigenvalues d,(X). We have, assuming that T'(x) is of order T:

Ct’(x):\/Z[sin(thlj,sin(_I_Zt—flj,...,sin(%ﬂ (2.9)

P'T(x)P = D(x)=diag(d, (x),...,d; (x)) (2.10)
with
2_ [z
d (x)=1+x 2XCOS[T +1j. (2.11)

In our case, I'(X) is of order T-2 and x is set to p, and p, successively. We obtain:
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o sin[ iz j sin(m—ﬁ) sin| 1T =2)7
t T—l T—l 1 T—l 100y T—l tzl,,T—Z

and
PI[,P' =D (2.12)
PL,P'=A
where
. 2 tr
D =diag(d,,---,d;_,) where d, =1+ p; —2p, cos(_l_—lj
A =diag(A,,---,A;_,) Where A, =1+ p] —2p, cos(Tt—ﬂlj.
Premultiplying model (2.4) by matrix 1, ® P leads to
y =(1,®P)y =X"n+u",
The resulting variance-covariance matrix is
X" =(I,®P)Z (I, ®P)
I” =2 (I, ®D)+0? (IN ®zﬁzﬁ')+a§(zNz'N ®A). 2.13)
where & =PC,Cir, 07 =07, 02 =07, and o} =0 1
12 Another expression of the variance-covariance matrix " is available :

2 =0l (1,8D)+0’ (1-p,) (1-p,) (1, ® Pyt P)+o" (1,0 ) @A or
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2.1.2. Double MA(1) Error Structure

The time-varying disturbances v, and A, are assumed to follow different MA(1)

processes. We set V;, =€, — 0,6, 1, with

p,|<1,and e ~1IN(0,07) while 4 =& —p,&_, for

& ~IIN(0,62), p,#p, and |p,|<l.  The individual-specific effect is spherical:

y ~ IIN(O,aj). For convergence purpose and assuming stationarity, the initial values are

defined as

Vi ~ N (O,O'V2 :(1+pf)aez)

5 ~N(0,67 =(1+p})0?).
The variance-covariance matrix of model (1.3) is given by

=0, (I, ®T,)+0.(Iy®uy)+o. (1 ®T,). (2.14)

I', and I, are defined as in the previous subsection but are now of order T.

Let P’ be the Pesaran orthogonal matrix whose t-th row is given by:

2 . tr . [ 2w . ( Ttz
Lt:‘/ sin Sinf —— |,...,sIn| —— | |.
T+1 T+1 T+1 T+1

We have

ke 2

X =g (IN ® D) + o—: (1— pv)2 (1— P, )2 (IN ® 1:721:“72’) + 032 (zNz;‘ ® A) based on the fact that

CCr = (1— pv)(l— P, ) L, and with ;* — p, . However, (2.13) is still more general regarding our objective.
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{PFLP’ =A (2.15)
PL,P' =D
where
A =diag(A,,---,A;) where A, =1+ p} —2p, cos(Tt—le
D =diag(d,,---,d; ) where d, =1+ p; —2p, cos(_l_t—;j.
Premultiplying model (1.3) by 1, ®P yields
y =(1,®P)y=Xn+u".
The variance-covariance matrix of u” is
L =(I,®P)L(I, ®P)=0;(I,®D)+0, (I, ®P1;P')+ 0. (1,1 ®A)
I =2 (I, ®D)+0? (IN ®zﬁ$’)+a§ (il ®A). (2.16)

A 2 2 2 2 2 2
where iy =Py, 0y =0, 0, =0, ,and 0; =0,

2.1.3. General Double Error Structure

The difference with the AR(1) and the MA(1) double structure consists in the fact that here
we don’t know the explicit form of the transformation matrix P. However, we are still able to
express the variance-covariance matrix of the error terms with a formula similar to those obtained

in the above subsections.

From equations (1.1), (1.5a) and (1.5b) and under model (1.3), the covariance matrix of the

composite disturbances vector u is given by:
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L=0(1,®T,)+0;(Iy ®ny )+0f (1yy ®T, ).

Let P, denote the matrix such that P,I', P, =1, . This matrix does exist for I, is a positive-

definite matrix.
Model (1.3) can then be transformed by |, ®P, , and one gets
y =(1,®P,)y=Xn+u".
It results in the following variance-covariance matrix:
X =(I,®P,)Z(I, ®P)) =0 (Iy ®P, I P))+ 0’ (Iy P, 4P )+ 0 (y1 ®L; ). (217)
Let P’ be an orthogonal matrix and D =diag(d,,---,d; ) a diagonal matrix such that
P'(P,T,P;)P=D. Applying a second transformation by |y ®P" yields
y =1, ®P)y =X"n+u". (2.18)
The variance-covariance matrix is written as
X =(I,®P)E (I, ®P)

*k

X" =o; (I, ®P'(P,[,P;)P)+0’ (Iy ® PP,/ P[P)+ 0 (1,2, ®P'P)

" = o2 (I, ®D)+0? (IN ®z$z$')+a§ (tnia ®A) (2.19)
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where & =P'P,t., A=PP, 6/ =0, o’ = o, and o’ =0’ Here, because of the choice of

matrices P, and P, we end up with A =1; since P is an orthogonal matrix. Generally speaking,

A and D will be diagonal matrices 3as in the AR(1) and MA(L) cases seen earlier.

Moreover, we implement the use of a GLS approach by introducing a scalar factor o*

- . 2 2 2 2 - - 2
which we define as 0° =0, + 0, +0;. As aconsequence, it appears appealing to reset the 0; s

as
2 2
o o
= 2 _"H 2_YA_1_~2_ 2
o, = 2,0'2—(72,and03—0_2—1 o, —0,. (2.20)

This scaling process is similar to the one used in Revankar (1979). The error terms u™ are
thus endowed with a new definition of their variance-covariance matrix which is now proportional

to the previous one:
E (u**u”"') —o?x” 2.21)

with =™ given by equation (2.19). The GLS approach can therefore be employed since the
variance-covariance matrix of the disturbances is expressed as a factor times a positive definite
matrix X . Hereafter, we shall refer to this matrix =™ as the variance-covariance matrix of the

disturbances. The reader should remember that there is an underground scalar factor.

13 Replacing 4 by 1 in equation (2.19) could have been considered as the general formula. However, taking a as a diagonal

matrix is more general and more informative than setting A =1, i.e. equal to the identity matrix.
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Finally, we have established that, given any pattern of serial correlation, the variance-

covariance matrix of the overall disturbances vector can be written as

*k

r” = o2(I, ®D)+022(IN ®zﬁzﬁ’)+a§(zNz'N ®A)

where D and A are diagonal matrices and lf =M¢z, M being a matrix.

2.2. GLS Estimation and Properties of the Estimators

The previous section has derived a unique formula for the variance-covariance matrix of the
overall disturbances, whatever the correlation pattern might be. This result enables us to derive a
GLS estimation based on the inverse of the general variance-covariance matrix. Subsection 2.2.1
presents this inverse while subsection 2.2.2 interprets the subsequent GLS estimator. Lastly,

subsection 2.2.3 provides some asymptotic properties of this GLS estimator.

2.2.1. Inverse of the Variance- Covariance Matrix of the Overall Errors

The inverse of X is obtained using the method of Revankar (1979, pp 156-159). Although
this author considered an autocorrelation of order 1 on the error term 4, , he encountered a similar

covariance matrix in which A was equal to the identity matrix of order T.

We have established that ):**:af(IN®D)+a§(IN®zﬁzﬁ')+a§(zNz'N®A), with

D =diag(d,,--,d; ), A=diag(A,,"--,A;). By setting
G=0'12(|N®D)+O'§[(1N1'N)®A] (2.22)
Wwe can rewrite our variance-covariance matrix as:

=" =G+l (I, ®zf)(IN ®¢’)=G+G§JJ' (2.23)
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where J = (1, ®1).

By the means of an updating formula (see Greene, 2008), we deduce the formula of the inverse of

Kk

2

0,

(=" )’1 =G* —G'lJ[J’G'lJ +%IN]1J'G'1_ (2.24)
We need to obtain G and the inverse of the bracketed expression. On the one hand,
G=07(1,®D)+0} ((ntn)®A) = (1, ® DV )[ 071y + 0% (12 ) ® AD™ |(1, ® DY?). (2.25)
Let H denote the matrix o7l + o7 (zN Iy )® AD™. Atthis step, the inverse of H is required.
Let C'=(iy /VN.C, )' bea N xN orthogonal matrix. Then,
(COLYH(COL)=(C® L) (07l +0% (s ) ®AD*)(COL,)

(C®I;)H(C®1;) =07l +03 (C'yyC)® AD™ =57 (1, ®1; ) + 0B

2 2 '
(c'®|T)H(C®|T)=diag(af+%,---,af+%,af,---,a@ (2.26)
1 T
with
NAD® 0 - 0
B=| 0 - © 0 (2.27)
0 0 0
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. . , - , 1 1 )
It is worth mentioning that C,I = CaﬁlN =0 for C, andWlN are different columns of the

same diagonal matrix. It is therefore obvious that H has been diagonalized through equation
(2.26).

As a consequence, the inverse of H is given by

. d d 1 1
H*=(C®]I,)dia L . o |(C'®l
( r) g(dlo'lz-FNAlO-; d,o’+NA,;o? of O'fJ( )
. 1 , 1 1
H :o-_f(CaCa)®lT+ WZN@IT A WlN@IT (2.28)
where
A=diag - d = - dr = | (2.29)
d,oy +NAo; d;oy +NA;o;
Since
C;ZN =0 (2.30)
and
C.C. =, (2.31)
we have
1
C.C. =1, _WIN v, =E- (2.32)
Therefore
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1

H'1:?EN®IT+(%1N®IT]A(%1,;®ITJ. (2.33)
1

It follows that

_ 22| 1 1 1, _
Glz(|N®D1/2)L—12EN®|T+[WzN®|TjA(WzN®|Tﬂ(|N®D1/2) (2.34)
G'l:izEN@D'1 ( zN®D1/2]A( '®D1/2j=izEN®D'1+[izNz,;®D'1/2AD'1/ZJ
o, o, N
21 1,
G :—{EN®D WN@S} (2.35)
0
in which
S =diag(s,,---,s;) (2.36)
with
Noy t=1...T. (2.37)

S = —d 7
01 +NA o

-1
~- 1

On the other hand, the matrix (J G'J+ — | N] has to be determined. We have:
0,

1G4 =i2('N ®lﬁ'){EN ®D-1+($1NI'N ®SH(IN ) (2.38)

O,

G = %[EN ® DY +%1N1'N ®l?,SlT/I} _ %[(zﬁ'D'%ﬁ)EN +(lTﬂSl{1)%lNl,;} (2.39)
1

0
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Hence,
36+, :%[(;ﬁ’D‘%ﬁ)EN +(Lf'SlT)")ilel,(‘}+i2|N
0, 0 N 2

1~ - 1 1 1 ’ "™ ! 1 ! 62
JGI+= 1 :—ZKIN —WlNlN)(lf Dll?)ﬂ“(lf S#)WININ +O'_122IN:|

O, 0,

2 Mo A 'yl 4
361+ L, izllN [#'D'lzﬁ +“—12J+1N1'N L‘T LA J]aIN by, (2.40)
o, o, o, N N

where

A1 A
a=tDm 1 (2.41)

< O,

and

ar A A1 A
poiasSt uwDn (2.42)

27\|2 2
o, N o, N

1
_ N b , i, 1
Knowing that (al +szzN) ZE(IN _mlNle’ we deduce [J G~J +0'_22le :
1 -1
We are now interested in the expression G™J (J'G'l\] + —le} J'G*. We have:
0,

-1
G*J (J'G*J +%IN) JG* :EG*J[IN —LzNz;, j\J'G'1
o, a a+bN
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b
a+bN

-1
G™HJ [J'G'lJ +i2IN] JG* :E(G'l\]\]’G'1 -
o, a

Gy, z'NJ'G'lj. (2.43)

From the definitions of the matrices G and J, we can write:

G1J =%{EN ® D' +($1Nz,; ®Szﬁﬂ, (2.44)
1
and
Gy, = %@S;ﬁ, (2.45)
1
so that
G'JJG™ = %{(EN ® D'lzfz?'D'l)+(%lNi,; RSt ﬂ (2.46)
1
and lastly
K EEVAR 7t 1 ' A A
G i i J'G :N2—0_41N1N ®Siy'S., (2.47)

1

It comes that

0, ®Sd's

b
o, | NZ(a+bN)

-1
G*J(TG*J+£§MJ JG' = 14{EN®Eﬁ##Tﬂ+(ﬁ%ﬁ@&®S1#3)—
a

, 1(1 b ). ,
E @(D'l“D'l)+— b (u i’ ®S “s)

-1
G (J’G'lJ +i2|N) y6t= L
o, ao,
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1 (&
aoc;N°\ a+bN

-1
G4 (J'G‘l\] +i2|Nj JG*= )(iNi'N @Szﬁzﬁ’s) : (2.48)

0,

1
4
1

E, ®(D'1¢¢’D‘1)+
ao,

Finally, the inverse of =™ can be derived:

-1
*x \ T 1
(E )1=G'1-G'1J[J’G'1J +—21Nj JG* (2.49)
0,
H‘l_i 1 1 / _i 4yl 1 a / Y
(Z‘. ) _o-fEN®D +[—0_12N21N1N®S] ao-fEN®(D yiy D ) ao-fNS(a+ij(lNlN®SlTlT S)
-1 1 1 1 1
) =E,® =D'-—DY/'D* [+, ® S— S'S 2.50
( ) N (0'12 ac; T j+ N [asz oN*(a+bN) rh J (2:50)
with Jy =141 .
We set
K,=D"-L, (2.51)
and
1 . e
L, = —— D'/ 'D*. (2.52)
4t Dg
We then have
oL 1 1 o 1 1 ,
) =E,® =D'——D%W/D! |+J, ® S— S£'S
( ) " (0'12 ao, i "l o?N*T o!N(a+bN) i
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et 1 1 : 1 1 ,

) ==E,® D'-L;+L, ——— D%/ /'D* |+J,® S- St'’'S
(=) ot N [ T ag? T "l oN?T ofN®(a+bN) o

eyt 1 1 D 1 1 o

=) == (E,®K,)+—=E,®| L, - L, [+J,® S— SiH'S
( ) af( v EKy) ol " [ Toagt 1) VU ofN?T ofN*(a+bN) "

2’14 2
ot 1 (lr D %)02 1 1
_ - E,®L;)+J ® S— Stre'S

R A Err e L e (s e

(Ey®Ly)+-1-(3,©S,) (2.53)

with
1 1 1 1
S.=| =S———————S/"'S|=| =S- SZ's
' Lo-lz oN(a+bN) " ] oy O'fN+crfc722(zf'Sl?) e
o,
1 o '
Sr=| 55-— 222 — SZ's |. (2.54)
0y 0'1N+0'1c72(zT SLT)
To putitin anutshell, (™) " is given by:
vt 1 1 1
(Z7) == (Ey ®K;)+=(Ey ®L;)+—>(J, ®S;) (2.55)
o, d N
where
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d :(4’0-14)05 to?

Jy=int and E, =1, —iJN
N
K;=D"'-L, with L,= % D/¢'D* (2.56)
4t D'g
1 ol No?

ST - _ZS_

Si4'S |, S=diag(s,+,s;), S
o amefag(Lﬁ'slg) ' ‘

= 2 2"
d,o; + NA,o;

The resulting GLS estimator is written as*:
N .
s =( X7 (27) X7 XT(Z) Ty (2.57)

2.2.2. Interpretation of the GLS Estimator

In classical two-way regression models, Swamy and Arora (1972) and Nerlove (1971)
provide an interpretation of the GLS estimator, which is appealing in view of the sources of
variation in sample data. In the straight line of their work, the GLS estimator may be viewed as
obtained by pooling three uncorrelated estimators: the covariance estimator (or within estimator),
the between-time estimator and the within-individual estimator. As explained by Revankar (1979),
these estimators are derived from orthogonal transformations. Since the inverse of the covariance
matrix of the errors is known, we can determine the appropriate transformation matrices to get our

three estimators of interest. They are the same as those suggested by Revankar (1979). We have

14 Throughout this dissertation, we didn’t emphasize the implications of the absence or presence of a constant term. Contrary to

the presentation of Revankar (1979), we instead focus on the coefficient vector 7] which may contain an intercept or not, the first
column of X being a vector of one if necessary. The reader can even consider 1] as the slope vector. See ,for example, Revankar

(1979), Greene (2008), Baltagi (2005) for the consequences of including an intercept.
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-1
1. The covariance estimator 7, =(x**’A1x**) X™A,y" where A =E, ®K;.

1

-1
2. The between-time estimator 7, = (x**’AZX**) XA, y" with A, :WJN ®S,.

-1
3. The within-individual estimator 7, = (x**’ASX**) X™A,y" where A, =E,®L,.

These estimators are obtained from some transformations of the regression model (2.18):
y =X"n+u".

It is premultiplied by three matrices which are M, =E, ®K;, MZZ%I;\J@)IT and

M, =E, ®L, respectively. The remainder of this subsection is aimed at giving details on the

derivations of the covariance, between-individual and within-time estimators.

Firstly, we premultiply equation (2.18) by M, =E,, ® K., leading to the following model:
(Ex®K;)y =(Ey®K; )X n+(Ey ®K;)u™. (2.58)
The error variance covariance matrix of the errors in this new model is given by

x, =(E, ®K; )X (E, ®K;)

r,=(E, ®KT)[0'12 (I, ®D)+0? (IN ®(zﬁzf'))+a§ (s )®A)}(EN ®K.)

X, =o; (Ey ®K;DK}) (2.59)
since
K, =E, =0. (2.60)
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Recalling the definitions of matrices K, and L., we point out that

1

L.DL, = — (D_ll?lT/UD_l)D —— (D_ll?lTMD_l):—2D_IZ?ZTMD_1L?Z{UD_1
i DY 5Dy (4'[)-11)
L.DL, =;2D'1¢(zf’D'%ﬁ)zf'D'l L, (2.61)
o)

and K.DK;=(D*-L,;)D(D*-L;)=D*-L,-L,;+L.DL, =D*-L,-L;+L,,ie
K,DK, =K. (2.62)
As a consequence it comes that

x, =0, (E, ®K;) (2.63)
and that a g-inverse of K. is D.

Also, since E, is an idempotent matrix, its Moore-Penrose inverse is itself. Thus, a g-inverse of

1
the covariance matrix X, is simply —(E, ® D).
0,

The GLS estimator deduced from this equation, is then

1
sk 1 . ot 1 sox
m{x (EN®KT){?EN®D}(EN®KT)X} X (EN®KT)[?EN®D}(EN®KT)y
1 1
ncz(x A, X ) XA,y (2.64)

with
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A, =(E, ®K;)(E,®D)(Ey, ®K,)=E, ®K;, ie

A =E,®K; =M, (2.65)

Thus, when the model (2.18) is premultiplied by M, =E, ® K, the transformation annihilates

the individual- and time- effects, and also eliminates the first column of the matrix of explanatory
variables. This then amounts to covariance estimation of the slope vector. It is equivalent to the

within estimator in the classical two-way error components model. (See Revankar, 1979, Greene,

2008 and Baltagi, 2005).

Secondly, we premultiply the model (2.18) by M, :%z;, ®1,. The transformed model

I - N - I -
(ﬁ@lij :(ﬁ@blTjX U+(ﬁ®|TjU : (2.66)
The error term variance covariance matrix of the model is then
r —[her |z her
2 N T N T
z, :(%@ITJ{QZ (I, ®D)+o, [IN ®(Z?LT1')}+O'§ [ (2 )®A]}[%®1Tj

2 2 2 2
z, :[%D+ﬁ(#zﬁ')j+a§A =diag(af%+a§Atj+%(tflf') =o/s™ +%(zﬁ?') (2.67)

N
where
No?
S =dia L . 2.68
g(dt612+NAtG§J ( )
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Once again, the use of an updating formula yields

1 62
2 2
[01281+O-2 (;ﬁlﬁ’)} :% S ;\'201 Si'S
e I e
No;
2 -1 2
st S )| < Gse o s
<21 No, +o/o,4 Sy
-1
2q-1 022 22t
{0'18 +W(ZTZT )} =S; (2.69)
that is,
X, =§,. (2.70)

The estimator 75 of this model is defined as

el o] cosia) o

with
l l A A 1
(ﬁ@lTj 1(|\N| ®I ) IN\IQ ®X; = K|N ®S; = NZ(JN®ST). (2.72)
Hence,
Hoxf Hok -1 Skl sk
nsz(x A,X ) XAy (2.73)
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with

1,1, 1
A2: NNS ®ST:F

J, ®S.,. (2.74)

It is worth mentioning that the matrices M, and A, are different. This is due to the fact M, is not

an idempotent matrix. Finally, it appears that the second transformation is equivalent to averaging
individual equations for each time period. It leads to the between-time estimator, as defined by
Revankar (1979).

Lastly, we consider the third transformation defined by M, :(EN ®LT). The new

variance covariance matrix is
X, =(E,®L; )X (E, ®L;)
%, = (E, O L) of (1, ®D)+ 0 (1, © (4" ) + o2 ((ni ) © A) | (B, ©Ly)
X, = 0f (By ®L;DL; )+ 0% (Ey © (Lo 'Ly || = F (Ey ©L; )+ of (5D )(E, OL;)
X, = [0'12 +o? (#'D'lzﬁ )}(EN ®L,)=d(E, ®L,) (2.75)
with
d =0 +0? (zg'o-lzﬁ).

According to equation (2.61),

L.DL, =L,
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Hence, a g-inverse of L, is D. We already know that E is its own Moore-Penrose inverse.

Therefore, a g-inverse of X, is %(EN ®L;)-

The estimator 7; of this last model is such that:

*xf

-1
nT:(x**'Agx**) XAy (2.76)

with

A, =(E ®L;)(Ey®D)(E,®L;)=(E,®L,)
A, =(E,®L;)=M,. (277)

Thus, we shall mention that the presence of the idempotent matrix E, in M, indicates that this
transformation wipes out the constant term as well as the time specific error term 4,, along with

the findings of Revankar (1979). However, we disagree with Revankar (1979) about the name

given to this last estimator: he called it “between-individual” estimate. We argue that the

idempotent matrix E,, is a within operator rather than a between one. Moreover, a between
transformation naturally keeps the constant term as in the case of M, while a within one removes

it. In addition, M, differs from the classical within (or covariance) operator by the fact that it

annihilates the time-specific effect, but not the individual-heterogeneity disturbance. In order to
stress the presence of individual specificities in the resulting model under a within transformation,

the GLS estimator obtained has been called a within-individual estimator.

Another important feature of the three estimators 7)., 7z, and 7y has to be pointed out.

We find that the GLS estimator 755 is a weighted average of these estimators. It is similar to the

findings of Maddala (19714, 1971b). Let us show it.

PhD Dissertation, University of Cocody, by BROU Bosson Jean Marcelin. Page 98



A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL WITH DOUBLE AUTOCORRELATION

From equation (2.57), the GLS estimator 7g 5 is defined by

ot (e N1 e NVt SN -]
77G|_s:(x (E ) X) X (E) y

or

X7(27) y" = (x**’ (=) X**)UGLS (2.78)
with

*xf *% _1 Kk 1 Sl *k 1 Fokf *k Fokf 1 Kk
X7(Z7)y = X7 (Ey OK )y + X7 (By O L)y + X7 | 5 (3, ®S;) |y
1

i.e.

*kf *k -1 Fk 1 Fokf Fok Fokf *k 1 Fokf Hok

X7 (E7) Yy =5 XAy +XTAY T XAy (2.79)

o, d

1

But from their definitions, the estimators 7], 1z and 7}; are respectively such that

XAy = (x*’”Alx**)nc , (2.80)

XAy = (x“’Azx’*)nB (2.81)
and

X“Ay" = (x"*’Agx’“‘)nT . (2.82)
Therefore,
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-1 Fok 1
2
1

Sk Sk Skl Sk Skl ok 1 k] Sk
X () Y= (X AX )nc+(X AX )nB+a(X AX )m- (2.83)

In other words,

Sokf e\ L e 1 Sk ok ok f Sk 1 ok ke
(x (") x )UGLS:—Z(X AX )nc+(X AX )775+E(X AX )nT (2.84)

Oy

1 R B S S - ot e\ e Ny -
—(x (=7)"x ) (X AX )nc+(X (=7)"x ) (X AX )qB+

NeLs =

012
1 *xf *k _1 *k _1 *xf *k
E(X (=7)"x ) (X AX )77T-
(2.85)
Thus,
Nows = Fetle +Fettg +Forge (2.86)
with
~ -1
Fcziz(x**’(z**)lx**) X"AX", (2.87)
0
~ -1
FB:(X**’(Z**)lX**) X7AX, (2.88)
and
1 Fkf Ed 71 ek 71 il Kk
FT:E(X (=) X) X"AX" =I-F.—F,. (2.89)

Finally, the GLS estimator 7] 5 is the weighted average of 7., 175, and 7J; , where the weights are

given by the matrices F., F;, and F;.
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To complete the interpretation of the double autocorrelation GLS estimator g, we show

that the three estimators 7)., 775, and 7}; are mutually uncorrelated.

By definition, these estimates are such that :

s ok

nC:(X ’Alx**) XAy _n+(x ‘AX ) X“AU"

1
" (X**'AZX**) X**'Azy**:n+(x**'A2X ) X AU

Ui

-1
(x**'Asx“) X“'Asy**:n+(x“'A3X ) X" AU

It follows that

-1 -1
cov(nc,nB):cov{(x**'AIX**) x**’Aly“,(x**’Azx**) X**'Azy**}

-1 -1
cov(nc,nT)zcov[(X“'Alx**) X“'Aly**,(X“'Aax**) X**'Asy**}

-1
COV(?]BJ]T):COV|:(X**'A2X**) XA y (X**’A X" ) X**'Asy }

In other words,

cov(r7c,77B)=(XW'A\1XH)1 XA [ r(y” )} (w **)l
[ ax) XA, [y Jax (A

cov(r;B,nT):(X**'AZX ) XA, [ var(y”) |AX" (x**'A X' )1

cov (1,7

or
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*xf *x ok

cov(nc,nB):(X A,X )1X**'(A12 A,)X (x’“"'Azx**)l

*xf

1
(x**’Alx”*) X (AE"A,) X" (X

-1
cov (7,77 ) AX *)

) X (AZZ**AS)X**(

*% *kf

cov (7,77, ) = (X**'AZX A X" )l.

Firstly,

AZ A, =(E, ®KT)[012 (1, ®D)+0? (IN ®(zﬁzﬁ'))+a§ (e )®A)}(%JN ®sTj

2

Kk

AZ"A, =%(ENJN ®K,DS;)=0 (2.90)
since

K. =Ey, =0. (2.91)
Secondly,

AZ"A, =(E,®K,)| o (1,8D)+ o2 (1, (44 )} + o (1 )9 A) (B, O Lr)
AX A, =0/ (E,®KDL;) (2.92)
Because K,z =Ez, =0.
We also have, by definition, K, = D™ — L, and we have already shown that L DL, =L, . Hence,
K,DL.=L,-L,DL;=L;-L;=0. (2.93)

Thus, A,Z A, =0, (2.94)
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Thirdly,

AL A, = (%JN ®STJ[012 (1, ®D)+0? (IN ®(z$zf’))+a§ (Jy ®A)}(EN ®L,)

AL7A,=0

(2.95)
since J E, =0.
Finally, we find that
AX A, =AX A, =AX A, =0,
As aresult,
coV (77,775 ) = COV (17, 77; ) = Cov (17,777 ) =0. (2.96)
Moreover, as explained by Revankar (1979), the fact that
rank (M, ) + rank (M, ) + rank (M, ) = (N =1)(T -1)+ T+ N -1=NT (2.97)

gives evidence on the use of all the available information from the sample. The estimators?,, 7g

, and 7]; together use up the entire set of information to build our GLS estimator 7] s with no lost

at all.
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2.2.3. Asymptotic Properties of the GLS Estimator
We assume, for convergence purpose (see Revankar, 1979, and Wallace and Hussain,
1969), that the X;; s are weakly non-stochastic, i.e. do not repeat in repeated samples.® Here we

show that the GLS and our estimators of the coefficient vector, say 7g.s, ¢, 1z, and 7y are all

consistent and asymptotically normally distributed. In particular, we show that 7 s and 7; are

asymptotically equivalent. It is a result similar to the one obtained in the classical two-way error

component model (see Amemiya, 1971).

We first need to set few assumptions. We assume that the following matrices exist and are

positive definite with finite elements:

**, *k

(xTAXT) [ XT(E®K,)X _ .
(a1) pllm[—l] =plim NT (for the first transformation)
- X (:LZJN ®3Tj X
(b1) pIim[%J =plim N T (for the second transformation)

“AX" X (E,®L,)X" _ .
(c1) plim{%JplimL ( NNT r) J(forthethlrd transformation).

Furthermore, in the straight line of Revankar’s (1979) approach, we also assume that

(a2) pIim(%szlim[x (By ®Ky)u J:o

NT

15 One can also consider some general requirements, such as those of Gordin (1969), say summability of autocovariances,

asymptotic uncorrelatedness, and asymptotic negligibility of innovations (see Greene, 2008).
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w1 -
e X (ZJN@)STJU
02 pim | XA || o

(2) plim:[—x Aql JplimLX (Eu®Ly)u Jo.

NT NT

We finally state that lim (#'D'lzﬁ) = o0, S0 that the quantity d = (zT”D'lzT’l )022 +o; remains

infinite as T —>o. The limits and probabilities are taken as N > and T —>o. It is worth

mentioning that from all these assumptions we deduce the unbiasedness, consistency as well as
the asymptotic normality of all the three GLS estimators, say 7., 175, and 7y .

Firstly, under the Ma-transformation, we have:

(Ey® KT)y” =(Ey® KT)X**77+(EN ® KT)u”.
We start by analyzing some properties of this model. The mean of the Mi-model’s error term is
E[(Ey ®K;)u™ |=(Ey ®K;)E(u™)=0. (2.98)
Moreover its variance is given by

Var[ (E, ® K, )u™ [=V[(Ey ®K;)u" |=(E, ®K; )X (E, ®K;) =0/ (Ey ®K;) (2.99)

and its inverse is equal to —Z(EN ® D) , as shown earlier. In addition, assumption (a2) establishes
0,

the lack of correlation between the explanatory variables and the error term. Lastly, in the straight

line of the approach of Judge and al (1985) in their version of the Mann and Wald (1943) theorem,
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X" (Ey 8K, ) V[ (E, ®K,)u™ ]} (E, ®K,)X”
NT

we show that the quantity converges in

probability to a finite and positive definite matrix. We have,

Fx! 1 Kk
' *k -1 *k —
[ X (B @K V(B @K U™ ]} (Ey ®K,)X Rk Ale(EN@)D)}AlX
plim = plim !
NT NT
Skt ok -1 ke \ -
[ XT(E®K)V[(Ey®K U]} (B ®K )X 1 (X7 (Ey®K,)X
plim =—plim :
NT o NT

(2.100)
This expression is positive definite according to assumption (al).

Unfortunately, the conditions for the use of Mann and Wald (1943) theorem are not fully
met, especially the need for (Ey®K;)u™ to be spherical, ie. V[(E, ®K;)u™] being

proportional to the identity matrix. We can nonetheless use a more classical approach.

From the above properties, we firstly deduce the consistency of the covariance estimate

Ne. We write:

*xf

=]
ne=(X" (Ey ®K)X") X7 (Ey®K,)y

PhD Dissertation, University of Cocody, by BROU Bosson Jean Marcelin. Page 106



A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL WITH DOUBLE AUTOCORRELATION

-1
nc=(X "(Ey ®K; )X ) X (Ey ®K;)X 77+(x "(Ey ®K.)X ) X (Ey ®K )u
-1
77C=77+(X**'(EN®KT)X**) X (Ey ®K U™ (2.101)
Hence,
T(EOK)XT) L X (Ey @KU
. [ X7 (B, ®K;)X  X"(E,®K;)u
p|lm(77c—77)=p|lm( NNT Ll J -plim NNT T (2.102)
Making use of assumptions (al) and (a2), we obtain pIim(nC —77) =0,i.e.
plim(¢)=1. (2.103)

The estimator 7] is therefore consistent.

We also deduce the asymptotic normality of 7]; based on Gordin’s (1969) central limit

theorem (see Greene, 2008) for the time dimension. All along this subsection, following Revankar
(1979), we will consider the “usual” assumptions regarding the elements of u™, as stated in Theil

(1971, p. 398) and Wallace and Hussain (1969, p. 64), which ensures the asymptotic normality. °

16 Another strand of literature is the multi-index asymptotic theory of Phillips and Moon (1999, 2000). However, it proves more
useful when dealing with nonstationary panels, which is not our case. Here, we use more classical approaches in order to stress

the similarities as well as the differences with earlier works on close issues, notably with the paper of Revankar (1979).
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From equations (2.98) and (2.99), it comes that

X7 (Ey @K U™,

X (E, ® K, )X~
>N | 0,57plim ( N T) . (2.104)
JNT NT
Moreover, we have
| X)X ( Ju”
X (E,®K;)X X (Ey,®K, )u
JNT —-n)= N T N T 2.105
from which we deduce that
INT (7. -17)—%>N(a,b) (2.106)
with
**’ Kk _1
X (E K;)X
ai=plim[ (Ex@Ky) J 0-0 (2.107)
NT
and
! - -1 . - ! - -1
X (E K. )X X (E K. )X X (E K;)X
bl:(ff(plim (Ey ®K) } {plim (Ey ®K) plim (Ey ©K+)
NT NT
**' *k _l
X (E K;:)X
b1=of£plim (Ey ®Ky) } . (2.108)
NT
PhD Dissertation, University of Cocody, by BROU Bosson Jean Marcelin. Page 108



A GLS ESTIMATION OF THE TWO-WAY RANDOM EFFECT MODEL WITH DOUBLE AUTOCORRELATION

Thus, we deduce the asymptotic normality of the covariance estimator 7]; :

[plim X (Ey ®KT)XNJ : (2.109)

—a) N 1
"Te T NT o2 NT

1

Secondly, under the Mz-transformation, we get:

i, [ - i, -
(ﬁ@lij :(ﬁ@)ITjX n+[ﬁ®lTJu :

We firstly analyze some simple properties of this model error terms. Again, the mean of the M2-

model’s error term vanishes:

EK%@ITJU“]:(%@)IT}E(UH):O_ (2.110)

The variance of this error term is written as

i - 4 OS (s
VKﬁ@ITJU }:afsﬂ%(lﬁlﬁ), (2.111)

-1
. . 201 022 Yy _ . .
Its inverse is | ;S +W Ll =S;. Once again, assumption (b2) states the absence of

correlation between regressors and disturbances under the M2 transformation. Moreover,
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: . -1 . ) 1, .
14 14 ok 14 l i O, (-3-1 14 Iyl
(ﬁ@ITJ[V(ﬁ@)ITju J (ﬁ@l&:[ﬁ@|Tj[afsl+ﬁ(|¢|f)J (ﬁ@l%:%@&.

So that

' ' 71 '
Hkt l l ok l *% P l l ok
X [KII@ITJ[V[(I\NIC@ITJU D (&@ITJX X (Rjg‘ ®STJX
=plim

T T

plim

2

Lo v{(gor ) (o]

T T

X**'(JN ®STJX**
plim

(2.112)

which is positive definite by assumption (b1). Once again, the conditions for the use of Mann and

Wald (1943) theorem are not fully met. We can nevertheless deduce some asymptotical properties

of 7g.
Firstly, its consistency is immediately derived:

=)
My = (X**'AZX**) X A,y" with A, :%JN ®S,

Hkf

Mo = (x AZX**)l XA, (X n+u™)
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me=n+(X7AX) XA (2113
Hence,
-1
x( L. ®s )x** x( L. ®s ) "

) ) N2 YN T _ W N T |U

plim (77, —n7) = plim eplim (2.114)
T T

Assumptions (b1) and (b2) imply that
plim (7, —17)=0,
i.e.
plim(n;)=7. (2.115)

The estimator 75 is then consistent.

We secondly deduce its asymptotical normality from equations (2.110) and (2.111). We

deduce that

x**'[leJN@)sT)u** x**'(leJN@)szj**
¢ 5N| 0,plim , (2.116)

JT T

In addition, we have
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-1
X (‘I:INZ ®S, ] xX* | x” (;NZ ®S, j u”
T (15 —7) = = yis (2.117)

from which we deduce that
T (15 =1)—>N(a,,b,) (2.118)

with

X~ (JN ® ST)X**

a, =plim T 0=0 (2.119)

and
-1 -1
x**'(JNZ ®3zj** x“‘(JNZ ®3zj** x**'(JNz®szj**
. . N .
b, =| plim plim plim
Ie.
r(J -

X (“‘2®ST)X*”

b, =| plim = : (2.120)
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Thus,

-1
X (leJN@)szj**

T

(2.121)

. 1| .
ns—— N 77,_|—_ plim

Lastly, under the Ms-transformation, we obtain:

(EN ® LT)y“ = (EN ® LT)X**77+(EN ® LT)u“.
Once again, the mean of the new error term is equal to zero:

E[(Ey®L,)u" |=(Ey ®L,)E(u7)=0. (2.122)
The variance of (Ey ® L, )u™ is obtained as:

Var[ (Ey®L,)u™ |=V[(Ey®L;)u” |=d(Ey®L,). (2.123)

The inverse of this matrix is %(EN ®L,). There is no correlation between the explanatory

variables and the error term. Furthermore, we have

(B, ®L,)X" =X"A, E(EN ®LT)}A3X**, (2.124)

-1

X" (Ey®L;)V[(E L, )u" ]}

leading to
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plim X" (Ey® LT){V [(EN ® LT)U“]}il(EN oL)X =%plim(

NT

X" (Ey®L;)X"
NT '

(2.125)

This last expression is positive definite according to assumption (c1).

We can now determine the asymptotical properties of 7}; even though the Mann and Wald

(1943) theorem cannot be used. We start by establishing its consistency.

-1 .
= (a7 X ay” it A, =, 8L,

*xf *xf

m:( A3X**)_1X A, (X7 +u™)

Fxf

4
T =n+(x A3x**) XA (2.126)

Hence,

’ w1 ! -
plim (7 —n)zplim{x (EN_IQ_OLT)X J -plimX (ENT®LT)U (2.127)
The assumptions (c1) and (c2) imply that
plim (7, -77) =0, (2.128)
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plim (77, )=17. (2.129)

Thus, 77 is a consistent estimator of 7.

Next, we deduce its asymptotical normality from equations (2.122) and (2.123). We find

1 X7 (Ey®Ly)u”

that — converges in distribution to a normal variable with mean 0 and variance
d JNT
1 lim X**'(EN ®LT)X** .
— , One gets
a’ NT J
xX™ (E, ®L, u” X (E, ®L,)X"
(B OL:) ¢ >N|0,d.plim (EyOLy) _ (2.130)
JNT NT
Furthermore, we have
**’( ) *k _1 **’( ) Kk
X (E,®L;)X X (Ey®L;)u
INT (1, —=1) = — — 2.131
from which we deduce that
JNT (7, =7)—>N(a;,b,) (2.132)
**, Kk _1
) | X (EN ® LT)X
with a, = plim NT 0=0 (2.133)
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and

NT NT NT

' o\l n » " -
b3=d{plimx (By L)X J {pnmX (En®L.)X }[plimx (Ex®L,)X J

NT

, o\l
b3=d£plimx (Ey®L,)X J . (2.134)

Thus,.

(2.135)

, 1
d(  X7(E,®L)X"
—2 3 N| n,—| plim )
T TNT [p NT

We are now capable of investigating the asymptotic properties of the coefficient GLS

estimator 7 s. We show that it is equivalent to the covariance estimator 7], and then deduce its
normality. We have:

News =71 Z(X** (2**)71 X**) X" (Eﬂ)il u”

X (") X" X () U
\/ﬁ(nGLS_n)= (NT) (\/N'I? - : (2.136)

On the one hand, we have:

w1 1 1 -
x**'(z**)’lx** X [UZEN®KT+dEN®LT+NZJN®STJx
or

1

NT NT ’
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XT(Z7)XT 1 XY (B @K, )X” 1 X" (Ey ®L;)X™ A X" (3, ®S;)X"
NT of NT d NT N N2T

where d = (zﬁ'D'lz?)azz +0; — o when T — oo Therefore, from assumption (al), one finds

Likewise, assumption (a2) leads up to

X (E. ®L. )X~
1 (En r) —0 when N, T »>w.
d NT
X (3, ®S.) X"
i ( N - T) —0 when N and T > . Hence,
N NZT
X=X 1 X (B 9K, )X
plim =—plim : (2.137)
NT o, NT

On the other hand, we have :

w1 1 1 -
Xﬂ,(zﬂ).lu**_x [Gf(EN®KT)+d(EN®LT)+I\IZ(JN@)ST)}U
JNT JNT

XT(Z7) 0T 1 X (B @K T 1 XY (By®L U 1 X7 (3, ®8, )u”

- = + — + —
JINT ol JINT d JNT N2 JNT

Under the transformations M1 and M, one has:

plim% X (E\“}%LT)“H _ plim$ X (JJI\%ST)“H —o0, (2.138)
leading to
CXTET U 1 X (B @K, T
pllmT = G—fpllm T . (2.139)
Page 117
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Hence, we can write

p"m[\/ﬁ(ﬂem —77)]=p|im [ NT \/ﬁ

' -1 '
X (Ey ®KT)x**J X (Ey ® K, )u™

i.e. plim[ VNT (7765 —77) | = plim[ VNT (3, —77) |- (2.140)

Finally, vNT (7755 —77) has the same limiting distribution as ~/NT (77, —77).

This shows the asymptotic equivalence of these two estimators. We deduce that

, -1
. 1 [ . X" (Ey®K.)X”
Nas — >N U’F plim ( - T)

(2.141)
To NT

Thus, the GLS estimator g s suggested under the double autocorrelation error structure

has the desired asymptotic properties.
2.3. FGLS Estimation of a Double Autocorrelation Model

The variance-covariance matrix, which has so far been assumed to be known, is actually
unknown, as well as all the parameters involved in its determination. Therefore, a FGLS approach
is required. It is the objective of this section. The first subsection exhibits a well-known method

which is presented here as a principle: the within approach. It consists in removing the time

specific effect to obtain a one-way error component model where only V; carries the serial

correlation. Afterward, applications to AR(1) and MA(1) processes are made in the last two

subsections.
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2.3.1. Principle: The Within Approach

In getting an operational version the general approach retained here is the “within” one. Its

principle is quite simple: we wipe out the time specific effect to obtain a one-way error component
model where only V;; carries the serial correlation. Afterward, the resulting variance-covariance
matrix of the new error term ( is derived by the use of a correction matrix of the covariance matrix

of V;. Hence, some BQU estimation formulas and the autocovariance functions of ( and V;, as

well as of y, V;;, and 4, help us coming out with the estimates of some unknown parameters.

1
We transform the initial model by: [IN —WZN I j® I; =E, ®I; which is the “deviations

from the individual mean” operator (Greene, 2008). It yields the following model:

~

j=Xn+0, (2.142)

At the individual level, we can write

- 1 13 U
Uit :(ﬂi _WZM]"'[VM _WZV“J = H; TV (2.143q)

with
- 18
H = (ﬂi _Wzﬂij (2.143b)
and
1 N
U, = (vit - WZVHJ (2.143c)

Hence, one gets
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0=(Ey®1)u=(Ey®I;)(#®s )+ (Ey®1;)v=(Eyu®u ) +(Ey ® 1y v = 1 ®1 +V.

In this expression, z and v are such that E(fi')=E(EyuuEy)=0c’E, and

i
E(7)=E[(Ey®I:)w' (Ey®1;) |=(Ey®1;)[ 07 (1,®T,)|(Ey ®1,) =0 (E,®T,).

In contrast to their untransformed counterparts £;s, the ,[lis are not spherical, as a

consequence of taking the deviations from the individual mean. Although this could appear as an

additional and superfluous obstacle to the correlation correction, it is actually with no consequence.

The variance-covariance matrix of the disturbances vector ( is therefore given by

L=E(00") =0’ (E, ®4y )+o (E,®T,). (2.144)

Let C, be a matrix such that CJI'.C,=I,.  This matrix exists since

v

1 : .
I =— E(Vivi) Vi=1...,N is a positive definite matrix. We then apply the transformation
(o}

v

matrix 1y, ®C, to our model which becomes:
y =(1,®C,)§=Xn+u (2.145)
where U" = (1, ®C,)d and X" =(1,®C,)X . The resulting within-type estimator is defined as
= (XX XY (2.146)
Hence, the variance-covariance matrix of the new error term u” is obtained as follows:
X =E(uu")=(I, ®C,)[ E(dd") ] (1, ®C,)

I = (I, ®C,)| 02 (Ey @1 )+ 07 (Ey ®T,) (I, ®C,).
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If we set 4 =C =(o, o,

C,.,C, can be written as 7/ =d?J%. Therefore,
X' =cld}(E, ®J})+0. (E, ®L). (2.147)

Once again, we use the Wansbeek and Kapteyn (1982, 1983) trick and get the spectral

decomposition of X:
(2.148)

X" =(old! +0.)(E, ®J})+0] (E, ®EY)

with EY =1, -7
Providing the knowledge and the tractability of the matrix C,, the idempotent matrices

E, ®J} and E, ®E} lead to the following BQU estimates:
0" (Ey ®EYy)d"
" trace(E, ®Ey)
0" (E @37 )

6
(2.149)

6% +d26? = L
trace(EN ®JT)

Ax

G~ is the vector of OLS residuals from equation (2.145) . It is a vector of residuals obtained after
applying a within transformation, and is therefore a within residuals vector itself. According to

Amemiya (1971) and Baltagi (2005), such residuals yield efficient and unbiased estimates of the
variances.

Distinguishing between &f and 6/2, can be done through the autocovariance functions of U

, I.e.
Page 121
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7(h)=E(0,0, )= T_[O'Z +E (Vv )]:NT_l[aj +7,(h)] forh=01,..,t-1.  (2.150)
In fact, 7(0)= NT_l(af + o) from which we deduce that
62 =——7(0)-67. (2.151)

2 1 AL . . . . 2
Note that 7 (h) = mzll Zhlluitumfh is the empirical autocovariance function and U, s are
1=l t=h+

the OLS residuals of the within equation (2.142). Hence,
| (EN ®3¥)0*

d? =
v A2 —y
u trace(E,\I ®JT)

~67 |, (2.152)

\4

Likewise, we can make use of the autocovariance function of the original overall

disturbances u. We have

V(h) =E (uitui,t—h ) = 0';21 +E (Vitvi,t—h)+ E (ﬂ‘[l(—h)

or

y(n) =7 (W) +7, () for h=01...t (2.153)

. . 2
As a consequence, one can obtain the estimate of o; as

67 =7(0)~—7(0) or 6;=7(0)-6.-3;. (2.154)
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N T
The empirical autocovariance function of u is given by 7(h) = ﬁz > 6,0, ., with U
- =1 t=h+1
denoting the OLS residuals of y = X7 +u.

For any other parameter remaining (for instance @, t=1,...,T ), the knowledge of the

exact process followed by the time-varying error terms is required.

One can go one step further and suggest transforming the model by GVE*‘]/Z. A within- -
type GLS estimator of the coefficient vector, say 7yc.s can be obtained by applying OLS on the

transformed model y** = O'VZ*_]/ZY*. It is similar to the correlation-correction GLS estimator

obtained under the identical time structure. In this subsection, it is quite different. We can derive
the resulting typical elements. We have

*_ * 2 O-V ~ * ~ * O-V ~ *
o, Xy =Y Q. =QY +—5Q,y (2.155)
k=1 Wy Vs

where Q, =E, ®E}, @, =E, ®J71, ¥/,=0" and v/, :aidf+af,

Since matrices J+ and E; are extremely similar to J7 and E$ respectively, aside from a constant

1 1 Jad * =~ * *
(F instead of F), the expressions of Q,y and Q,Y are respectively identical to Q,Y and

sz* which have been established in subsection 1.3.3 for instance (we just need to substitute df
to d2). The typical elements of Q,y" and Q,y" are therefore given by (Vi —¥a)-a (R -A)

and o (h, —h) respectively. We then deduce the typical elements of y =0, 27y as

Vi =Vi—Va—0O(R—-h) i=1..,N t=1..T (2.156)
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- - T . . - 1 N
with §=1-22 i, =o’d?+0? R == ay.  Vi=1..,N,and =" 2h
¥,

d; = =

All the included parameters are obtainable from the above results, notably 4, l/72, ﬁi and h. The

within-type estimator 7.5 is finally derived.

2.3.2. Feasible Double AR(1) Model

We assume that Vi, = 0,V +€; and A4 = pA,_, + ¢ where

& ~1IN(0,67)
& ~ ||N(0,0‘§).

Following the within principle, we can write the within error term u” vector as
0=(Ey®I;)u=(E ®1;)(4®)+(Ey®1;)v =(Eyu®s )+ (Ey ®1; )v = a®1 +7.
and then deduce its variance-covariance matrix:

E(00 ) =E[ (2®4 +7)(4®4 +7) | = E (@it @ut; + E ()

where

E(ai')=0.E, and E(WW')=0}(E, ®T,) with
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L =E(00") =0’ (Ey ®ny )+0’ (E ®T,).

Since V;; follows an AR(1) process of parameter 0, , we define the matrix C, as the familiar Prais-

Winsten (1954) transformation matrix:

/1—pf 0O 0 .- .. 0 0
—p, 1 0 .- O
0 -p, 1 0
C.=| o0 0 L
. 0
: -p, 1
0 0 O 0 -p 1

This matrix is such that C, (oI, )C,, =(1- p?)o 1, = o?L,. The resulting GLS estimator is

once again given by equation (2.146), where y*, u” and X have kept their definitions of

subsection 2.3.1:

*1 o x

My = (X X)Xy
The covariance matrix of U = (1, ®C, )0 is:
X' =(02d? +0l)(E, ®J7)+0? (E, ®FE}) (2.157)

where,

t¥=CvlT=(1—pv)ug 1o 1),=(1—pv)(a 1 - 1) =(1-p,)f,

d =4y =(1-p,) 54 =(1-p,) [ +(T-1)]=(1-p,) d?.

v
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Thus,
Zﬂ%aﬂLq%fﬁ+agﬁ%®j”+aﬂEN®E”. (2.158)

In order to get the estimates of the other numerous parameters involved in the model, we
first need an estimation of the correlation coefficient 0,. The autocovariance function of the error

term { is written as
N o N -1 N -1
}/(h) = E(uitui,t—h) = T[Gj +7, (h)] = T(O‘j +pvho-f) ,for h=0,1,...,t. (2.159)

We deduce from it that

7(1)-7(2)

Py == e (2.160)
7(0)=7(1)

and therefore

o 7()-7(2

=172 261
7(0)-7(1)

n 1 N T . A
where 7(h)=——— a,0,, , with U, are the OLS residuals of the within equation
N(T-h)&F & "

(2.142). It then leads to a convergent estimator of P, (see Baltagi, 2005). We deduce

so [HHA (2.162)
1-p,

and

d2=(1-5,) [&*+(T-1)]. (2.163)
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Furthermore, the BQU estimates are

0" (E ®E})d" 0" (E, ®E;} )0’

= trace(E, ®Ey)  (N-1)(T-1)
5 S\ ar A —\ (2.164)
G2 (1-p, ) d2 467 =— E. ®JT_)U _U(E®3)d
! trace(E, ®J ) N -1
The estimate of O’e2 is then obtained:
u"(E, ®E a0
6, = k) : (2.165)
(N-1)(T-1)

G~ being the vector of OLS residuals from the transformed equation (2.145). We can therefore

determine
0'\_2
G = 1_*12 (2.166)
and then
G =NL1;5(0)—&5 as in equation (2.151).

We now need to determine & and p, . The autocovariance function of the error term u is
given by

N

N _17(h)+p;aj. (2.167)

y(h)=pjo; +oy,+plo; =

It comes, likewise in equation (2.154) that
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=7(0 )— —7(0)=7(0)-6;-5.

We hence find the correlation coefficient:

N
7(1)- 7(1)-7(2
pﬂ:[() NIRIAS, ()]1 (2.168)
N . -
[7(0)-r@) = 7(0-71)]
leading to
N . N 12 2
y(1)=7(2)]- 7(1)-7(2
LR NN_l[ (v)-7(2)] o160
[7(0)-7 (0]~ 117 (-7 ()]
N T R
As in the previous subsection, 7(h) Z Z 0, with Uy denoting the OLS
i=1 t=h+1
residuals of y =Xz +u. The variance of is estimated by
=(1-p})6:. (2.170)

The within estimator 77W:(x”x’“)_1 X"y" as well as the within-GLS-type one
Thwots =(X”"X”’“)7l X™y™ and all the variance components parameters are now known or
obtainable. Moreover, the “true” GLS estimator g5, see equation (2.57), can be determined
because the AR(1) parameters p, and p, have been estimated and their knowledge entitles us to

build the matrices involved in the determination of ():** )fl, say matrices C,, C,, P, A, K, L,

, S,and S;. This was not possible under the general model of the previous subsection.
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2.3.3. Feasible Double MA(1) Model

We assume that V;; =€, —p,€; and A =¢,—p,s,_, Where

e~ IN(0,67)
& ~1IN(0,02).

Once again, deviations from individual means lead to the model §=Xn+0 with

U, = i +V, . Here, V, is such that :

- 13 N <
= (Vit _WZVHJ =€~ AL (2.171)

where
1 y_N-1
= n—ﬁZ it~IID(O,Var( "):Tajj (2.172)

As a consequence, V;, follows an MA(L) process with coefficient p, since €, are white

noises of variance %az Note that 4 is defined according to equation (2.143b). We can
write, according to the within principle,

~:(EN ®IT)u =4®r +v

where 4z and v are such that

E(ﬂﬂ’) = E(ENIUIUIEN ) = G/ZIEN

and
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E(7')=E[(Ey®I;)w (Ey®l;)|=0c?(E,®T,) since E(w')=o’(I,®I,) with a

matrix I, defined as a Toeptlitz one:

1 1_'0"2 0 0 0
+p0,
P, -,
o v B
o £ 1 A
1+ p? 1+ p?
E(vv)=0? P & =o,T,,
—p . .
0 (J—— 0
1+ p?
-,
1+ p?
0 0 0o £ 1
| 1+ p; |

ie, T, =Toep|itz(1, r, = —Pvz OOJ
1+p;

The variance-covariance matrix of G is still given by equation (2.144):
L=E(00") =0’ (Ey®ny )+’ (E,®T,).

Here, we set C, =C,, C. denoting the correlation correction matrix as defined by Baltagi
and Li (1994) in their orthogonalizing algorithm presented in subsection 1.4.2. We then
transformed the within model by matrix (I, ®C, ). The new error term u” = (I, ® C, )0 yields

the same covariance matrix as in subsection 2.3.1. Keeping the same notations, its spectral

decomposition is given by equation (2.148):

X" =(cld! +0’)(Ey ®J})+0] (E, ®E}).
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Because of the moving-average nature of the process, linear estimation of the correlation
parameter p, is not easily obtainable. The BQU estimators are not going to be investigated since

they do not prove useful in this case.

The autocovariance function of the within error term U, = (EN ® IT)uit = [, +V, is given

by equation (2.150):
= . N-1
7(0) = E(0,0,0) = [ o2 +7. ()]

As a consequence,

62 = N—lﬁ( j) forsomej>2 (2.173)
and
A2 A N < A2
o=y, (0) :—7/(0)—0‘[ (2174)
N -1 2
. 1 &I,
where 7(s) = N{T5) D> > U0, , s=1...,t—1 isthe empirical autocovariance function and
- i=1 t=s+1

N

i

f =

XRv
—_
~

|

XRv
—_

[ S
~

| —

(2.175)

Since one of our goals is to perform the within-type estimator 7yg.s, we apply the Baltagi
and Li (1994) matrix C; to the data (for instance to the within transformed dependent vector §).

Moreover, C. will be applied to the vector of constants to get estimates of the ¢, s. We have, in

the straight line of Baltagi and Li (1994), as in subsection 1.4.2, the following steps:
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y _fvyi*,t—l
it [~
Step 1: Compute vy = yjl and y;=¢ for t=2,...,T where 0,;=1 and

9,1 \/a
52

X~ I
6, =1-——fort=2,...T.

A

gv,t—l

Step 2. Compute Y~ =0,X *?y" using the fact that .~ —C. ., =(a, @, - o). The
1- f
estimates of the ¢, s are obtained as: ¢; =1 and a, =—\/\/g§ fort=2,...T.
vt
We then deduce
T
d? = Zdtz . (2.176)

The autocovariance function 7(h)=E(uu,,)=7,(h)+o.+y,(h) of the initial

N T
composite error term U and its empirical counterpart 7(h) = N(%h)z DG, (Uy being
- i=1 t=h+1

the OLS residuals of the initial two-way model) permit the estimation of 0,% and I, . The former

is given by equation (2.154):

. _7()-fél -]
¢ 70 o (2.177)
A
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The within estimator 7}, and the within-type estimator s are now obtainable.

However, the “true” GLS estimator g s can be estimated, providing the MA(1) parameters P,

and p, are known, especially under the conditions A, =1-4f>>0 and A, =1-4f*> > 0. In other

. . . L _ 11
words, the estimates f, and f, should both lie inside the open interval (—E,—j before one can get

-1

a direct estimator of 77, = (X**' (=~ )_1 X**) X" (2" )_1 y™.
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Finally, part 2 appears as a theoretical treatment of a complex but realistic correlation
structure in the two-way error component model: the double autocorrelation situation. This part
has dealt with some parsimonious models, especially the AR(1) and MA(1) ones, as well as with
the general framework. Through a precise formula of the variance-covariance matrix of the errors,
we have derived the GLS estimator and its asymptotic properties. Part 2 ends by suggesting some
feasible counterparts to the models presented.
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CONCLUDING REMARKS

This dissertation has investigated, through two separate parts, the issue of serial correlation

in a two-way random effect model, when all time-varying components of the error term (i.e. both

A and V; ) were exhibiting either the same or different correlation patterns.

In part 1 we assumed that both 4, and V;, were following the same process, with the same

parameters. Under this somewhat strong assumption, some GLS transformations have been
obtained after the spectral decomposition of the variance-covariance matrix of the composite error
term. In the straight line of the Baltagi and Li (1992) treatment of the one-way correlated random
effect model, we have derived a detailed two-stage GLS procedure that corrects for the
autocorrelation in the disturbances. We have been able to show out the relations between the
original data and their correlation-corrected counterparts. Furthermore, we have shown that the
regression method could also be presented as a one-step GLS procedure, when the correlation
correction matrix was “simple” enough. All these results have firstly been developed, as a
theoretical application, in the context of some simple and well-known processes such as the AR(1)
and MA(1) ones. Then, an identical autocorrelation model with an undefined pattern has been
investigated, showing how general our GLS approach is. In order to definitely establish its

applicability, a feasible version has been suggested in the last section of part 1. Whatever the

process followed by both 4, and Vi, might be, the estimates of the involved parameters were

obtainable. Again, the particular cases in which the correlated disturbances were distributed
according to the AR(1) and MA(1) processes have been considered from a FGLS perspective. It
came out that the moving-averages patterns were more involved and more complex than the
autoregressive ones. Using the appropriate correction matrix provided by the literature has been

recommended. Thus the ease of the implementation of the FGLS estimation procedure appeared.

Part 2 has tackled the most realistic structure: we allowed /1t and V;; to follow different

time series. Even when their processes were of the same type, the parameters were no longer
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identical. This double autocorrelation random effect model has been analyzed through three

submodels. The first one considered that both 4, and V;, were coming from an AR(1) process but

of different parameters 0, and p, respectively. The second model assumed two different MA(1)

processes. Lastly, an unrestricted double autocorrelation pattern has been investigated, allowing

A and vy, to follow any time series, independently. Solving a general framework often requires

some invariant regularity in the diversity of the potential cases. This was achieved here through
the variance-covariance matrix of the composite error. We have shown that, whatever the
correlation structure might be, this matrix could be written under a precise formula. Thereafter,
the inverse of our matrix of second order moments was derived, leading to a GLS estimator of the
coefficient vector. Since the GLS transformations could not be detailed as in part 1 because of the
more general framework retained here, general properties of our GLS estimator have instead been
analyzed. Firstly, it appeared as an estimate obtained by pooling three uncorrelated estimators
derived from the matrices involved in the inverse matrix formula proposed earlier. Actually, it is
their weighted average. These underlying estimators have been labeled as covariance, between-
time, and within-time estimators. Secondly, we proved that, under certain assumptions, the GLS
and these three estimators of the coefficient vector are all asymptotically normally distributed. In
particular, we established that the GLS estimator and the covariance one are asymptotically
equivalent. Part 2 has ended its treatment of the general double autocorrelation issue by assessing
the applicability of the GLS approach it had developed. We have suggested a within
transformation matrix known as the “deviations from the individual mean” operator, resulting into

a one-way error component model (it wipes out the time specificities). The remaining serial

correlation was then carried by the error term V. Only one correlation-correction matrix was

therefore needed. Combined to the use of the autocovariance functions of the true composite errors
and of their transformed counterparts, these corrections entitled us to recover the variance
estimates of the time-specific disturbances as well as of the estimates of other numerous

parameters involved. As in part 1, these methods have been illustrated by the cases of AR(1) and
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MA(1) double autocorrelation processes. The knowledge of the appropriate inversion matrix

(provided by the literature) is the only requirement for the implementation of the FGLS methods.

This thesis finally appears as an essay on the autocorrelation issue in the context of the
two-way random effect model. It has focused on deriving a GLS feasible method, in several cases,
and from a theoretical perspective only. It opens the door to numerous extensions. Particularly,
one is an empirical investigation of the results obtained in this study. Some Monte-Carlo studies
will be welcome to assess the small-sample properties of our estimates, and even to compare them
with estimators deduced from other methods. This will be the subject of future research that we
would like to conduct. The implications on testing serial correlation, the case of unbalanced panel
data, the double autocorrelation structure when spatial correlation is allowed, the heterogeneity in
the time-series parameters across units, the presence of time-varying covariates and the use of
other estimation procedures such as ML or Instrumental Variables (hereafter I\VV) methods, etc., all

are potential investigation topics.
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